
Chapter 5 KNGS construction
Focus on completely positive mappings between-algebras,
kuma 5 . 1 If % : A-B is a positive linear map between C

*

-algebras

then 9 is bounded.

proof : Assume the contrary for At , nEN , - And At st . Ifan/lons
New consider= Sinces

, convergence
Since At closed

, hence CtA+.

&Assume
an+g ,

then 1la-a*11 11a-anll + Ilan-a*11 = 2/1 a-aull -> o
=> a= a*, Since ER3O St . ManllG , hence r(an) - [0, n]

=> 1121-anll = max 19-*/ => 1121-all& XEr(an) &For XEs(a)
, since aza*, hence R-XEOCR1-a)=> In -x) < 11-alls => 0xxi = r(a) -

> [0, a) = atAt
Clearly CI CHEN) , hence(r)2(n) = Fall 20
=> lecill:an = n = contradiction since Tsr) bonded

.
=>I bounded on At

.
(Then fordEA+, just consider TEA+]

Since for AtA
, a can be decomposed into four

positive elements,hence I bounded.



knne 5.2 let H be a Hilbert space and P,pstE2(H) with pro and 10.

Then (i) llt1 if (E) EO in LCHOHS
(i) ( * /20 if 13 , +y = > (3 , P3) ( , 4) (3,NH)
(iii) it ( & / 20 , then #-114

purfiliis"" For 3, 7tH , (1) , (*)(2)) = (1) , (B)
= (3 , P37 + Ire (3, th) + <1 , 4)

let 101 = / St . (3
, Oth = 13

, th)1 and replace by xo1 (EM/
Since (3, x0th) =x /3,>1 and (x01 , Exons) =x (n+ 7),
hence (3

. 037 + 2x/(3, th) / +*<h, 41)20 MET)
Now if (7 : 47730 , bex=- = then 03,P3)-=> ((3

, ty)/2< (3
, 03) (4 , 47)

If (n, ) = 0
, then (3, 03) + 2x/(3, th>/"20

it / < 3
, th > /30

, let x- - c
, then contradiction
.heare (3

, th1 =0
, and still have o (3, P3) (n,>'E" : Trivial since (3, P37 + Cre (3

, ty) + (n, 44) 20
(i) : Directly follows from (iv)



(iii) By livs we have 13
, th > /" > (3.03) (4,M) PlIPI//"(n ,17)

Hence llt/111011S4, 2) /Fix 4 and takeyas
Since IIthK = (ns*th] , ((IIP114-t*t/ 1 , 1) 20
=> t*t < 1P119

Lemma 5 .3 let :A- B be a completely positive linear map between

I-algebras , and let (ei) be an approximate unit
for A . Then

(i) (11) = Sup 110(1) (ii) ens (a
*) +(n>(a) 1119' la*a) JatMu(A)

proof : cis : let M = suplecersI) , clearly Mille11 .

For MEA ,
we have

(eea) = /Ca)Aerayraatei d*d

=> celess everal

flaxe) +(a*a) 150 ,
then by Lana 5 . 2 livis we have

-> Here flay)= fla) because a= X+ -X- + 111+-y -) of positive elements and t is positive- la
*
ei) Tleia) = (le(e: ")/l Cla*a) Plece:) (19 (a*a) and linear

Since ti'sei , taking the limit we have (a/+(a) >Myla*a)If Halle ,
then llecal"> Mile (a*as1) = M11911 = IIIMC11= 11911IMElle11 =M

EMa(A,(ii) : n= 1 follows from the prot of (i)
.

Now leteir) = @i@1EAQMU(e)
then clearly (eish's is an approximate unit for Mn(A), and 1191(e) /llleceis//



Since firs completely positive, lincer, by a similar proof of lis we finish.

By sirs we also have 11911 = 1911 for all n
. Hence I completely bounded.

ka 5 .4 Let : A+B be a completely positive mapping between

#-algebras, and let a .. ..., AnEA . Then (f(ai*(aj) : 11911(f(ar *aj)

in Mn(B)

pref : Apply Kama 5 .3iistoa
Now we consider completely positive maps in Hilbert C

*-modules.

Q : use completely positive map + to construct interior tensor product.
Let E Hilbert A-module

,
F Hilbert B-module and : A- + 2 (E) completely

positive map.

Define a sesquilinear B-valued linear form on the right B-module

Ealgt by (*i*y , s
X2* H2) = (A1 , 9 ((Xix2)) (2) (xitE , YitF)

same proof in prop 4.5

=> E@aly F Semi-inner-product B-module. Then define ExeF to be
the Hilbert B-module obtained by completing (E@aly F) /No where
N : = /2 EE*

y E : (2, 2) = 0 )
Similar toCalculation 4

. 6
,
for tELSE) , if define [x(t) ·

X&y = Exxy,
Ithen East) extends to [x(t) E <(EQE) There X**: = XQy +Ne)



Furthermore, we still have: th exlt) is a unital A-homomorphism
fromL(E) to 2/EE) which is strictly continuous on the unit ball.

Now we consider the case E =A , % : A +<(E) <.P., F Hilbert B-module.
First need to define non-degeneracy on - /follows from prop 2

.5),
and define strictness for I

Def (prop 2 .553)) % : A- + (EE) is non-degenerate if (2) ->1 strictly
in 215)for some approximate unit(ev) of A.
Def We say & strirt if (eceis] is strict Cauchy in <(5) for some

approximate unit (ei) in A.

clearly non-degenerate => Strict

RemarkikisIf A unital, then I clearlystrict , but I non-degenerate ifff unital

(ii) If nomumital, then Co(10, 1)-> ((to, 12) clearly not strict.
(iii) Unit ball of LCE) is complete for the strict topology . ( proof omitted
civi) implies that : A- LCF) is strict iff there is a positive element

P in the ball of radius (1911 in LCE) st
. 9 (2i) + P strictly.



prop 5.5 Suppose that AsB are C
*

- algebras, E,F are Hilbert B-modules,

I : AtLIE) is a non degenerate A-homomorphism and VELCF , E). Then

: A+ 2CF) defined by <(a) = V
*

TCaSV JatA) is a strict completely
positive mapping.

proof: ii) completely positive : Hm = 1
, consider fin>: Mu(A) ->Mu(L(t)

clearly Mr(L(ES) ELIER) , MUSLIFSS <(Fr)
,
define Un =diag(v. . . . v)ELIFE

:e
. UnSMs ... s Mn) = (Vis

..., WMn) , then Un= diag(V* ...s VE)
Notice that it() : MuLA)-> L(En) given by A (taj]) = [H(aij)]
is a A-homomorphism . Then for X = [drj] EMn(A)

, we have
Un* (x) Un = [V*

A(arj) v] =[f (aj)] = f (n)(X)
Now for X50 , Set X = y*Y, then ((2)(X) = Un* #I c*/Un =/'1/n)

*

CHIN=> e(n)(x)0 => ↑ completely positive .

(ii) Strict : Since is nondegenerate, M(er) ->1
. Hence flex->*=> I strict

.

Now we forcs on the converse of prop 5.5.



For T : A-255) , a, ...antA , His ...sAntF, we have

1)I las fill" = 11.5 ( , Plai* +(aj) 4) /I
& 1191/II (Ais TSa*j)7j) 1) (by Kama 5 .4)
= 1191/11 a* f: /1

Hence the map dy flasy extends to a bonded
map W :At ->

St. lwll > 11/12 and w/AeE) =

TSASE
Now assumeJ is strict

,
with(e) -> PESCE)

. Define V::-AE
by Vicy) = ey .

Then Iicy)-v(y)/l = 11 St, ((e-e47/
? ( /<, Isei-ej)gillSince <(ei) Camely, Vi(y) Lauchy in AF

. Heave Vily)-> some vsy)For AEA and 7, 2 EF , we have (ay, v(2)) = him (axy, ex2)
= him (4, Platei) 2) = <y, fa

*) 2) = (wlaxy) , 2)
=> (X , v2) = (wX, 2) for all XAQF - V= WA

=> VEL/Es AQI) and WEL/AQyEs El
For T: MSA) - > 2 (A*EF) defined before (e*(c) . ax7 =caxy)
we claim that* (A) VCF) is dense in A*eF . For atA and AEF

we have llx(a) · T *-ax11" = 11 laei-a)y11
=11(y , 7 ((l-ti) a* /1-tiDA)/1 =0 = (* (9) . VA = a*Y



=> ex(A)vF contains all finitesumsdense

From new on , denote Ip := A* F , My for the A-homomorphism
ex :M(A) -> L(Fe) and Ve for the operator vin [15, Fe) .

For AtA and

Yer , we have venty (a) Vey = him Ve
*

He (a) · Zy = him veazy
= Limf(aei) y =easy => +(a) = v

*

+(a) ve

Thm 5 .
6 let A,B be C* -algebras, I be Hilbert B-module and

9 : At 2(5) be a strut completely positive mapping.

(v) E Hilbert B-module It , a A -homomorphism Me : A+ f (te)
and an element ve of <(F, Ee) ,

St . +(a) = re*+Salve latA)
it (ASVeF is dense in Ey

(ii) If G is a Hilbert B-modules i : A +2(G) is a A-homomorphism,
WELSE, G) and fla) = wAt(a) w SatA]

,
MIA)wE is dense in G

,
thena a unitary U in L(tes G) Sit.(a) = UntelaS* JAEA)
and w=Ve

proof : its has been proved.
For(iv)

, let a, ..., an EA and A.. ...YnEF then
1 Mai) Wil = (j) wj)= layj)



= (is Ve* (a) )(a) Util ? Thus the

map : [ My (ai) Ve % r [Mar)WA is (well-defined and) isometric

Ef G
Since (A) VeF is dense in Ee and ACASWF dense in G

the map I extends
to a unitary map us fromby onto G.

Since Uity(as* [Mai)Wai = Ung(a) [Ne(ai) Ve Y: (since Max = untelan*)

= UIity(adi) Ve Yo
=[M/ai) wai = (a) [Nar)Wyj

,
we have Unte (a)u

*
= F (a) (atA)

By def of 1 we have W(ei) Very=Cer)my /YEF) · Since

ite and is nondegenerates both Helli) and leis converge strictly to
the identity for him (ei) . Hence Urey =

my => UVe = n

The unique triple (Eg , Me, Ve) obtained by I will be called the KSGNS
construction associated with 2

.
If F =B =C

, then KSGNS reduces
to classical GNS construction.



Cor 5 . 7 Let A, B be C* -algebras, let F be Hilbert B-module and

: A + SCE) be completely positive . Then I is strict iff I a

completely positive map F : MCA)-> (CF) , strictly continuous on the
unit ball

,
whose restriction to A is equal to %

.

Also , + is nondegenerate
iff I is unital.

proof : Ifi exists , and (e) approximate unit for A, then Fleis->ill)

strictly , hence flei) converges ,
Hence + is strict.

For the converse
, assume + is strict. Then by Thm 5 . 6,

= A-homomorphism Iy : A- > 2 (FT) which is strictly continuous onthe unit ball and therefore
, by the results in Chapter 2 (proph .5 (ii)has an extension : M/A) -> 2 (Fe)· Define(C) = ve

*

Fe(r) Ve (CEMCA)
Then I satisfies the desired properties.
Since f(ti) -> /1) , here I nondegenerate iff - unital.

healt prop c
.5 (three equivalent def of nondegeneracy

(i) f(A)E dense in E (ii) + is the restriction to A of a unital completelypositive map [ :

M(A)-> LCF) which is strictly continuous on the unit ball(iii) For seil
, eser -> I strictly.



By Cor 5: 7 we have (iv) (vii) . But is (iii) : Consider B =F =clos))
A = (ftB : fl0) =0) and define 7 : A + B by (16)() =z (f(x++11-x))
TriviallyI is completely positiveand f(A)B =B Stake FEA : f(x)EX, 0xxx)

Casill

Hence & satisfies (i) , but not satisfies (iii) Since flei) 10) -> I
prop 5 .8 Let A, B be C* -algebras and Let F be a Hilbert B-module.

For ahomomorphism : A-215) , the following conditions are

equivalent : (v) &(A) F is a complemented submodule of F ;
(iv) of is the restriction to A of a X-homomorphism %:M(A)-((5)

which is strictly continuous on the unit ball
(iii) o is strict

.

If these conditions hold
, then11) is the projection from onto PLASF.

preof : /prop 5 . 8 is an anaglue of prop 2. 5 for strictnessSince PLASE complemented,-(i) = (ii) : Let p be the projection from I onto To = P1A)F
.

Then PELIE, Go
and PX is the embedding of to in F

. For atA , define (a) = polap*.
Then : ALIFo) is a nondegenerate * -homomorphism .) since p projection
and o A -homomorphism , and Play3 to we have $12:) plas -> plas)Then by extension we haveAhomenorphism &: MCA) -> LC50) whichis strictly continuous on the unit ball

. Define(C) = P**(4P(CEMIA)(ii)= (vii) : By condbry 5 . 7.



Siri)= (v) : Assume Ostrict , let Q = him Plei) ELCF) ·
Then for 3EF,

we have Q3 : him Pleis 3 = Q3 Eto QE- To = PLASE
Now for Play 3 +Fo ,

we have QP(a) 3 = im Plei)P(a)3 = him P(ed)3 =plass
=>M = 1(7EF) =>> tQ => To =RE

Since clearly &=Q and &*=& (direct calculation) , G =Q*=&" and Q-to
=> to Complemented (let 3 = 03 + C-0)3 and clearly (Q3 , 12-0037 =0)
Moeoer, (1) is the projection fromOntoASF directly follows from the

above proof,

For c. p map which is not strict
, we can still write <(a) as Via

where i : A + 2SE) and VECCEE) , but we may abandon the
uniquenessand nondegeneracy.

Now we focus on a class of C. p.
map.

Let A, B be c* -algebras where B strictly closed in MCA) . A retractionfrom A to B is a positive linear map - :A- B s.t. the conditions
is (ab) = +salb (iv) YSA) strictly dense in B
(ii) for seil in A

, (4(2) converges strictly in MCA) to a proj . pEB.If A unital
, then a retraction is just the condition expectation,

(by (i) we get projection



Luna 5 .9 IfN :A-BMLA) is a retraction then it is completely positive,

proof ; By a similar proof as Luna 4. 3 Sil
,
it suffices to prove that It(j) ze

in Mu(B) for allM. ...s an in A
. Identifying Mn(B) with K(B") , then this

will hold if b*
yaj)bj (b ...butB) by La 4

. 1 .
Since t is positivea

and let c=I Libr , then done.

prop 5 . 10 Let A be C* -algebra and B be a strictly closed C
*-subalgebra of MCA.

A linear
map of : A - B is a retraction iffof is the restriction to A of an

idempotent contraction : MCA) -B which is strictly continuous on the unit ball.Proof : Assume 4 : A-B retraction
. Since 4 : A- MCA) is completely positiveby Kund 5 .9 and strict

,
hence by Corp 5 .7 + has an extension F :M(A)+MIN,which is strictly continuous on the unit belf and is a contraction since1IF/1 : /I FCISIEIP11 = 1 . Since B strictly closed

, the range of F is containedin B
. Then by strict continuity we have F(cb) = Fcob (CEMIA)

, DEB).With c= 1s then (b) = Pbp (bEB) and EIPS =R
For CEMIA) with OSCII we have o FCC) <p and therefore
F() = PECSP

. Hence for CEMIA)
, we have F() = PRESSP (CEMCAThen foraEA , i (y(a)) = py(aSp = +(a)

Hence #Sb) = b for all beB and so o is idempotent.
Conversely, if I : MIA)-> B is an idempotent contraction then itfollows thatF (b) = F/CD (CEMIA), bEB=> Done .



The localisation construction from Chapter I can be carried out for retractions.

let 4 : A - B retraction
, then Edefined in Chapter I can be made into

a MIA)-module (Calculation) and we can define s.+ on E by
(x.y) + = 4((x, y))(xsyfE)

let Ny : ESXtE : <X, x]y = 0) and complete E/Ne , then we get Ex
and Ey is called the localisation of E by H.
For tELSE), we define Thy(t) : X+Nef Ex +Ne , then by extension

we have unital A-homomorphism Th : <(E) -* LCE4).


