
Arithmetic Dynamics over Local fields

On IP(4)
,

define the chozdal meteic via

IXi - %!

Po([X:" i],
[xi]) =
#PN1

[x:Y
.] = [cX:< .]

If we identify ↑ (4) with the sphere via

then

Polz,w)=
/z
*

- w*

Properties :

· X- inequality : PcLP , 43) < Pc(p , Pa)
+ Po(P , Pu)

.

· Lipschitz property : Given 0 : P'(K) -> IP'(K) rational
map

E constant ((b) s.
t
.

Po(0(P.
)
,
$(P2)) -> <(0)Poli , P2) .



Now over (K
,

1 : 1.) a non-archimedean valued field
.

Defa : the chozdal metric on
IP' (K) is defined as

1x
,
" - X2Y , I.

Pr([X,:. ] , [x
:<
.3) =

max& IX, 10, 1 %. In3 max &IxuIn , 1Yak3

Properties : (Pr
is an ultmetrich

(x,-X2
.
11 maxxis1

,
1x1%, 13

· o <p-(p, P. ) < /

-
> max[(X, 10 , 1 %, In3 max GIxuln, 14al3

·

p.
(p., 42) =

0 iff P
.
= P2

·

p. (p ,, Pu)
= Prlp , P . !

·

pr
(P
.,
Pu) =

> max & Pr(P., Pul , pr(PrsP3)3 .

Lemma : Let R : Sel : 11.13

Let f :I't It' be
a limean fractional transformation.

f([x:(3)=

a

,

b
, <d
ER
,

ad-ba ER
·

(In other words (b) EPGL(R)

Then

P-
(f(p, ) , f(Pz)) = p- (P,, P2).



Reduction modp

· K- field / discite valuation :K

*

- I
.

· 1 . In = (4) associated abs value
·

· R =Q = EEK1vG1, 03 Ring of integers

· R
Y

= SEK 12(
= 03

. Gop of
units .

·

F
= [xK/2(d) > 13 max ideal of R.

· k = R/F Reside field
,

We will use
v

to denote induction wood

R + R/F

al

Reduction of points in I
*

(K)

Suppose P =E :
--

: ] EIP(K)
,

how do wo induce to

a point FEIPM/R) ?

We
say

that P has normalized m ordinates if

min (b) , . - .

,
- (x) 3 = 0

.

Then P = [c : --- : Ein]
.

In general, want to multiply by some c so

P = [C
,

. . .,

(xn] is normalized
.



We need to pick <EK" sit.

~ (c) = - min(2(x)
,

--

,
2(xm)3

.

Then

P = [ : - -- : [m]
.

Fast : ↑ is independent of the choice of C.

pf : If C
,

c' both work
,
2() :2/1 7.

c'c'ERY Ye le
*

Lemma : Let P
.,

P2EIP'(K)
,

then

↑ =>P- (P
.,
Pc) < /

Pf: Write P
:=
Exi : Yi] in normalized a ordinates.

max [(x: 1
,
1: /3 = /

&

pr
(p, 42)

= /xi -X2Y, /

()) F : E
,

Ever"St

(X.,5) = (i , Y2)
in 12

Let a be
any
lift

of in
R
,

then

X
,
En X2 mud F

Y
,

= nYz mdE

=>
X
, Yn
- X2Y ,

= uXzY2-uXz'z mdp

= 0

=> IX , % - XY , 1 < I



(E) Suppose Pr(P
,

Pu) < 1
,

then

X
, Yz = X 2 Y

,
mod F [x: %. ]

If X
, Xz
= 0 mode

,

then X
,
= Xz =0 mudp .

↑ = = [0 : 1)
.

Othinise
,

X
,
X2 EO modif

,
so
Y
,

Y ERY
,

so ,

=: ) =[: ] =[: ] =[ : 5) = Pri

Guillary : Let P., Pe EP(K), fEPGL > (R)

↑ E> [Tp
. ) = Fil

If P, Pr
,
P3 are distinct points in IP'(K),

then

EfEPGLy(k) st

S(pi) = 0
,
f(p) = 1

,

f(i) =0.

What about
in PGL(R)?

Prop : If P, ,s an distinct pts in IP'(R) , then

If EPGG(R) sit

S(pi) = 0
,
f(p) = 1

,

f(i) =0.



Reduction of a map

Let 4 : P'(K) + IP'(K) be a zational
map of depend .

How do we get amp : N (k) =>'CR) ?

O is given by homogenous polynomials F-
G

of degrad .

0 [x : Y] = [F(x,Y) : G(x, )]

F G aze unique
up
to scaling by

LEK"
.

Dela : %= [F :6) is normalized if F
,

GERIX,1)
,
and

at last I seff of Ford
is in R"

IfI is normalized
,

then
we define t as

%= [F : [] - also
should divide by H

= gcd(E,2)

: P'(R) IP'(k)
.

Exampl : Let a EKY , and
consider

0
.

[x : /] = [axd : ya]

· If a ERY
,

then ERY
,

so

* [x:] = [ax: 19]
.

god (o, (a)
= ya

· If u (a) >0 , then a
= 0

[x:] = [0 : ya]-

= [0 : 13
.



· If U(a) 20
,

then sale bya = 0

#a [x :] = [xd : a ga]

Tax:) = [x9 : 03

= [1 : 0]
.

Motivation : ETP) = * (5)
,

Ep) = (P)
.

To study
orbits

of
of in I'(K)

,
first study

the orbits

of in
P(k)

.

Resultant of a
Rational

map

The Insultant of polynomials F,
G characterises when they have

common factors.

Prop/Defn : Let

A(x
,
Y) = arx + a ,xY+

- --

- anY"

B(X
,
1) = box" + -- - - - bmism

be homogenous polynomials of degree n and m in 13[X, 37.

These exists a polynomial

Reslao ,
·--

,
an
,

bo
,

--

,

bm) Ek[a ., ---,an , bu- --, bm].

Such that :



a) Res(A ,B) = 0 iff A , B have
a common zero inI

b) If abo to , and we write

A = a. #(x-xiY)
,

B = brT(x- BiY)

then

Res(A
,

B) = abT( : - Pi)

c) E Polynomials F,G
,
Er
,
G EX[a, . . . ,9-,

4
.,

--

,
bu][X]

.

/
homogenous u/ degicem-1 and n-1 S

.
t.
.

F
,
A +
G

,
B = Res(A ,B) y m

+ n
- 1

FrA + GzB = Res(A
,
B) 1 m

+ -

d) The resultant is equal to the (m +nix (men) determinant
.

aga ,
---- . an

as a.
-- An

-

3
m

Go ---
An

Res(A
,
B) = -

20---an

bo ---- Im

bo
--- bm

- S-
H

&

be- ba

In particular Res(A , B) is homogenous of degram in an
..

--

,

n in bo
,

---

,

ba
.



Let = [F :G] be a normalized national
map

over (K
,

1 . 1
.)

non-arch
.

We write Res(e) = Res (F
,
6)

This is well defined up
to scaling by

uid,
nERY
.

In particulat : ~(Res(o)) is an invariant.
-

Throm : Let 0 : P'(K) -> IP'(K) be a national
map ,

then

Pr(p,P2) = /Res()pr(0(p . ) ,
%(2)


