


2 .

4 left derived functions

Use : To measure how far a functor is from

being exact.

De
: Let F : A- B be a right exact functor

bo two
abelian categories. If A has enough

projectives , we can
construct the left derived

fuctors (if (izo) of fas follows

Lif : A- + B

If AEA
,

choose a projective resolution

iP
. -A
, where P

.

=... -> R-P
,
- Poto

ie
,
... - P

,3 Po Es A -o is exact

Now applyf to
the chain complex P

,

we've f(p
.) =

.. ->

> f(p) ECPO)-> o

Define Lif (A) = Hi (P)



2) Is Lif well defined ?

9) Is Lif a functor ?

Note that

Lof CA )
= HOLCPJ) =

品
ICd .D

But we know that

Fcdi) FEC)

F(P1)-> f (P) -> f (A) -0 is exact

- Im (f(d , 3) = Ker (f(2))

and》 은 INFL ε))

Ker(f(l)
E + (A)

Therefore10f (A) = f (A)

Lemma The Objects Lif(A) of B aze

well defined upto natural isomorphism

ie
;
If Q- A is a second projective



resolution
,
ther there is a comonical

isomorphism

Lif(A) = HiCF(p() = Hi(f(Q)) .

Iroof : By comparison theorem ,

there is

a chain
map f : P- & lifting the identity

map ida
,

... - P2- p
,
- Po - A -0

Ifs If , ifo tida

… S QI→ Q
.
→ Qos

A so

Yielding
a

map fi : Hif(p) -> Hif(d) ·

Note that any another such wap

f :
P- & is chain homotopic to f,

so f-fig . Juse the fact that f is

additive]

ely
,
there is a chain wrap g

: Q-p

lifting ida and a
map 86

: Hif(- Hif(p) .



Since got and ide
are both chain

maps

from P to P lifting ida
,

we've

Gofo
= (90f)

a

= Lidp)+= i@ Hif(p)

Mls
,
f
,0g

= id

Hif (a)

=> fo gar isomorphisms ·

&llony :

If A is projective , then Lif(A)= o

for i to

roof : Take

...

-0-AA-0

Lemma
If f : A- A is

any map
in A
,ー

there is a natural map

Lif(f) :(if(AD) -> Lif(A) for

each i.

&

Roof : Let pi-A and P-A be the



chosen projective resolutions. The comparison

theorem
yields

a lift of to a chain map

: P
:

- P
,
hence a

map I : Hif(p)

l

Hif(p) .

Any other lift is chain homotopic to f

soE is independent of the
choice of f.

The
map

Lif (f) = Ye

Im : Lif : A- B is an additive functor.

Rroof : Lif : A - B3

ALHif(p))

)〜( *' )
Hif(Q)

If Al ESAEA" is given , then by
~ ~

defa gof e of = 90f
*

= 505



Also
A* A lifts to

id

f(p)
: f(p) - f(p)

& id
: Hi(f(p>)-> Hi(f(P))

Hif(p)

: Lif is a functor.

for fi
,

fa : Als A in
,
we've

fi + fc : Al-A and note that

fitf and Fitte lifts fi + fc
,

~

therefore F
,
tI E fi + fe

⇒
.

+fi
)

* =
f
. +
f

.

~
)

*

"

#+

Ihm : The derived functors (If form

a homological --functor.



Roof : for F : A - B
,
we've

(Lif : A- B) additive

izo

factes
Given

any
short exact

sequence

0+ A
-

> A - A"-0

and
for projective resolutions p-A

and p"-> A"
, by Horseshoe Lemma

,

there is a projective resolution P-A

fitting into a
short exact

sequence

o- p
-

- p- p"-o

ㆁ ㆁ

ie,
, ↑

:

0-
A- A -> A"

-o

? れ

o - -> Pd - - y po -
-- -) Bo" -- -



: ? ↑

o.
,pi -

- p
.

… 7 P
,

-

- 70

소 ? ?

We've

0-> Pn
-> Pn- Pr -so

A..

Split exact .

Ts ince On" is projectivel

tid

( -
...

-

Bu"

]Pr-> Pn-o

Since F is right exact , it is additive

# pressures limits

⇒ FCAOBD 의 FA)DFCB)

=> F additive
-

and hence
preserves split exact



sequences .

- 0- f(Pn) -> f (Pn) - f(p)) to

is split exact fw .

In particular

0f f (p)) --> f(p) -> f(p)) -0

is exact

Writing out the corresponding long

exact
sequence, we get

iif(p)
- Hif(p)- Hi +(px)

Hi-f(pD -> Hi rf(p) +...
기

Li
- .

fCAY

it
,
associated to any

short exact

sequemle
,



0
-
A- A- A"-o

'

we've

3 : Lif(a") -> Lif(AD)

such that

... -> Lif(Al) is Li-f(A)
↓

Li
_,

f(A)

Li -of
(A 4 )

Si-1

"
Li-2 f(AD - . - .

is exact

We need to check naturality of Si

Cuse cmparison theorem )
(technical proof)



Thm :
Assume that a has enough

projectives. Then for any right exact

functor F : A- B
,
the derived fructors

(lif)izo form
a universed s-functos

.

2 .5 Right Derived functors
_

B :
Let F : A-B be a left exact

functor bo two abelian categories
.

If A has enough injectives
,
we can

Enstruct right derived functors
,

Rifizo of f as follows :

Rif : A - B

Let At A
, take

an injective resol-

ution A- I"



it
,

we've

0- A- [- I ...
exact

If we applyf to I , we've the

cochain complex

f (l) : 0- f(Ib) -f (IDy ..

Define Rif(A) = H(f (I))

Note that

Rf () - Hof (I) - kerf (d) ≈ f( )

f(do)

[0- f(ID) -> f(I)-> f([2) ...

0
- f(A) -f (10) - f (I) exact

Enk :

If F : A
+ B is left exact

withA having enough injectives
,

then

fop : AP- BOP is right exact with



go having enough projectives.

Therefore we canSastrict the left

derived functors Lif as well ; we

see that

Rif (A) = (LifOP)
Op
(A)

.

:
All results about left

derived

fructors apply to light derived functors
.

Defe for each R-module A
,

the
ーー

fructor f(B) = Hom
(A
,
B) is left

exact. Its right derived fructors are

called Ext groupss

Ext
' hCA
,

B )RiHom
RCA,

-) ( B)

ie
;
take an injective resolution I



of B
,

ie
; 0- B-- I'y ... is exact

.

i

Extp(A, B) = Ri
Homp(A, -) (B)

=

Hi(Homp (A, I)) .

In particular

Extr
(A
, B) = Hmp (A, B).

Refe : Let A be an R-module. The

fimcos AQ-: R-mod if mod is

light exact

Its
left derived factors are called

Toe groups.

T0r号 ( A, B) (w ( ∞ _ ) ( B)

Eact : Extr(A, B) = RW Homp (A,-) (B)



은 R
"

HAmR
(

-
,B )(A

o

ToeE (A
,
B) E To rRn(B

,
A)

에 에

(n (AQ _ ) (B) (n(BQ -) (A)

에

Ln (- oRB
) ( A )

3 .1 TorfrAbeliaan groups

Let B be an abelian group.

Calculate To rE (Ep, B) ?

we've the projective resolution:

osz7sz -
zp
- o

it
; we've the chain complex,

oszEsz
o

Apply - *B to it, we get



o- B--B t0 .

To r(Ep
,

B) = B/
pB

T 予 (EP
,

B) - PBSbEBI pb
= o3

T的言 (三
p
,

B) ← 0 ∞ n
≥z .

Dop : for all abelian groups
A and B

a) Tor& (A
, B) is a torsion abelian

groupp

b) T∞ 吾 ( A1 B) = 0 for naz

Aroof : Suppose A is a finitely generated

group
.

Them AE zm#zp
,

0 ... zp
,

for

m
,
Pr
,

·

, Przz

Since zm is projective
,

To rL-> vanishes for n0 .



Note that To r y is an
additive functor

.

It
preserves

direct sums.

ie
, To rn(A, B) E Tor, (EPr

,

B) 0 ...

① To rn(Epr
,

B) .

: To r (A, B) is a torsion abelian group

and To r (A,B) = 0 for n =2.

Now
,

In general
, any

abdian
group A is

the direct limit of
its finitely generated

Subgroup,

A =
lim A

To rn(A, B) = To r (die Ac, B) inTor,(A

Because direct limit of tension abelian

groups are
torsion abelian

,
we get the

result-

Rep Tor& (Q/E
,

B) is the torsion



subgroup of B for every abelian group

BB

Pro:区 0 号( @ ε ,

B
)≈

的

T
∞号( ≡

0
,

B)

ptz

은 PB )- U SbEBlpb - os
p

which is a torsion subgroup of B.

Drop :

If A
is a torsion free abelian group

,

then To r (A, B) = 0 for no
and all

abelian
groups B.

&of : If A is
torsion free

,

ther it is

isomorphic to Em for some m

·

To rp(A,B) E Lin To rn
(zM
, B)= 0

⑳aeevery abelian
group

A
,



To rE (A,> = 0 # A is torsion

free

⇒ T
∞>
(-
,
A) = 0

proofev

=>:
To rE

,

(A, -) (zp) = 0 f p = 2

⇒ pA
- o θ Paz

=> A is torsion free
·


