
Hyperbolic
Coxeter

Groups



= loter Groups :

Mij a "Coveter matrix if

· Mij t 52,
3, ... 3 v Sas GraphI with

· Mij = Mji zuix edges
a Mii = 1 =;

· Giren
define
↳ cocher graph

I cour. to Matrix Min

Wg : = <35.

, ... , Sub1 (Sisj)Mij =1Mij +* )

e.g. T= - K = We Dihedral Group order 2k.



· the abstract definition above has a geometric
interpretation .
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for the example above
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this corresponds to

the group generated by 2 reflections in H with
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· In reflection Brough a phane orthogonal to n is debired
using

the Eclidean inner , prodet.

from the particular angle * comethe propertiesemerging by be Endidean inner product

· The reflections could instead be wrt. to the two

coordinate axes a we could "force" the le
angbetween these to be Y by changing the

inner product.
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· In this case
,
the bilinear form defining the inner product is

defined by
B (: ,

' 6 ) = B(

;

,

:
) = て

B loci , oag ) : = - Cos(Tuij )eg . Bl :

,

? ) = B (, ': ) - -s( )



· B : V = V + V am> 2 ,y + eTBy
And we can diagonalise the matrix B so that it has form
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· for the ok example,
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= We care about the case where the signature of
B is

(n-1 ,
1 , 0) us (ó,)3n

i.e . "hyperbolic signature".

· In this case
, consider the 2-sheeted hyperboloid.

x? +... + xn
- ,

- xn = - 1
.

(e.gxn> 0)
·Choosing a sheet S

n ,
and putting a metric on S

provides a model for H
· Isometries of Hare exactly isometries of th" (wrt B) which

preserve S (as a set).
· In the case of reflections (urf B) this is exactly when

the plane of reflection intersects S
,

and we can show this

occurs for the defining reflections for WS . (00TO hyperboloid).

=> Wa > Ison (t"") generated by a reflections.
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=> In the case =b
,

these correspond to all

rank 3 Coxeter group
.
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요:

· In H2
,
the vertices of a triangle are the "extremities

,
so the fundamental

domain of We is comect a Sa, b
, c 3.

c .f non compact .

Frey tesellution

= However
,

ifWe has rank 4 = WeH,
the story is

guite different.

60TO visualisation of :
↳

=

· We see that we can have well-defined inter-plane

angles ,
but have the vertices "sticking out" beyond

infinity. So, the fundamental domain is non-compact
but noton idea simplex . Since simplices are defined

up
to isometry by these

cng
les (for any

dimension),
this is not just a

feature of how we drew this simpler.



· The Fundamental chamber for

%s extends beyond JHP
⑥

·

· It makes a -o

triang
lar filing on- plane

perpendicte to 3 of the planes

defining
Te Lund

. chumber.

· This makes the accumulation
points of the yroup (on 6H)?)

from the distesrepel mmy this plme a GT



· Note : Sor
ary

rank 4 hyperbolic signature loxeter group,
we can describe its reflections(almost wiquely) by
describing the circle that the corr· plane makes with

the boudery sphere.
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· To describe the arrangement of places corr.

to the Coxeter
group ,

we need to be able

to reflect planes through other planes ,
which

corr to conjugation in the Coxeter
group

.

o This is possible ,
but complicated. The simplest

expression I could derive is the following :



work of McMuller one can also showE By exteri the Kleinthat if ne naively tetratedions

beyond the boudery sphere, wo get a different

space (with a differentmotric) .

· The loxter
group

abs by isometries on this space too.

· The metric is the so-called Hibert metric,
defined for

any
convex XER

dlesy ) - log(に-a )

CD
· The orbit of all the simplices extend beyonehthe core on which the hyperbole modet Lor 13

exists. The new space and metric mentioned above

incorporates these regions beyond the cone.


