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Ta l k 8
. Deformations of CM schemes

of
codimension 2
.

Last time. We proved the following :

Thm
. Let A be a regular loca ring

of dimA = u
,

B = All
,
dimB =

n-1 and

of
. B is CM

.

There exists an exact

Sequence

o -> A-A
"+

&A + B - 0

whereY is given by matrix of size (H
, 1)

it its minors of rank v are a minimal

set of generators of
5

.

&

Getting .

Consider C
.

C'
local Artin n-algebras and

0 -> j-- - > 0

exact with Mc .
T = 0

.

Take A finite c'-algebra

flat /c
,

A = A * C
,

to
=

A,
K and s

.
t

.

to is smooth
.

Consider B : All flot/C and

Bo
= BocK . We will essrme that Bo has

a resolution of the form

·
- AI A

*I
to

->

Bo
- o

withdo given by the moximal minors of Yo
.



Theorem
.

(9) 7 Ye Mir(A) with ver minors

↓: sit
.

I =< A
, . .

.,
free) and Sit

.
7 a

resolution

0 + A -1-1"1- A - B
-> 0

(b) If Y' is a lifting of Y to a matrix

4 E Mp+xr(Al and max
.

minors fi
,

7

an exact
requence

I

&

0 - AIt' +, A + B + 0

with B flat /C' and B'acC = B
.

13) Any quotient i
= All' flat/c' and of

Ba,
C =

B arises as a lift of you

in (b)
.

Proof . We
prove

(8) by induction on 1(c) = length
,
(C)

.

If(((" = 1 - C = c and we take this

or hypothesis (we assume resolution exists for

and then construct) .

Then the situation in

that we have a tower of extensions

(h
+ 1

-> ( - ... +
2 - C

St
. 11C") = K and we assumeas is true

for C" and consider B
+ 1

a lifting

of B"
.

By12) this lifting is given by a

resolution as in 1b1
.



Now we prove
(b) overming 1) .

Take y

ony lifting of Y
,

and
consider

the complex

I
ry

L: A ->A IA

Cit is a complex by thesome argument as in

the structure thm)
.

Since A is flat over C' we have on

exact
requence of complexes

0 -> 1 : 0.5 + 2 -> L : *
, 2 -> 0

Notice that Lo*cC is just

L: A1 A Es A
,

since

** C = (A* C)" = A" and

1
. 05

: Aa
,
J + A

*+

b
, T

+ 10,J

A'
,
j = A *c)(aJ) = (A'* C) @J =

AJ

-> L:*] = 1*cJ
·

Part (2) given exactness of Lo
,

and coluned of

L
.

is B
.

L .0, J is also exact with comend

BACT because of the following lemma
.

Exercise. Let M.:
0 -> M

.

-> M2-...

be on exact

requence of flat modules. Then
,

for ony
mod

.
N
,

M
.
@N is exact.



This implies
C is also exact. We denote its coveral

by B' so we have

0 +A,t!A- B+ 0

Considering the homology 1
.

e
. 5 of (*)

H (( .
) -> Ho(Lo* ]) -> Hold : ) -> Holl . ) -> 0

and Ho(L) = Allmf =

B

Hol() = B'

HolL@J)
=

BOJ

H
,
(L .

) = 0

So we obtain the exact requence

0 -> Baj- B = B + 0
,

injectivity of B*cJ-> B' implies B' is flatand

over
C'

.

(C) Asorme B = A'/l' is flet/c' end

B'* C = B
.

We can consider gie I'a lift

of each fi < B
,

and notice by Nakayama's

Comme I = (9 . . . .
gr+ 1)

,

or we have

I'IJI = I'@,
C = I



Then we obtain a resolution

0 + M + Am
+

-A- B - 0

Since B' is flat/2'
,

so is M. Then

0 + mQ(+ A 1 -
A + B + 0

is exact us McC - A"
·

Take on A-basis

of M&
C
C and lift to M

,

so by

Navayoma's Lemma, we obtain on exact
sea.

0 + k- A-> M - 0

and tensoringC we see ka
,

c = 0
S

and by Nakayanois lenma K = 0 - Mr A ·

We obtained a resolution

0 -At
"

-A + B + 0

with Y'a lifting of Y
,

so by (b) 7

0 - A]A-A + B" -> 0

for another lifting B" of B
.

We need to
prove

that B' = B" to conclude
.



Lemma. Let A be a C-alg .

flat/c
,

AcK

normal. If zX
=

Spect has codim22

then H9x12
,
0x) = A

As in the structure theorem
,

I'v I"as A-mode.

For X = Spect z = SuppB and 2 > X

Lunder the inclusion Spect- SpecA')
,

and notice

that z = Srpp(B) = SupplB") since

Back = Back = Back = Bo
.

Consider the isomorphism *: I' - I"of sheaves
I

and notice that YIx1 * I "Ix12 =
0x12

,

so in X12 o corresponds to fe[(X12
,

0x) = A

and by someorgument or in the theorem

of CM rings
,
feA

,

so I' : &I" differe by

a unit of B =

B".

corollary.

IfYo : Xo is a <M closed subock of

codim 2 and Y2X is a deformation of Yo
,

then the obstruction to the existence ofon extension

* lives in H'(Xo
, Nyo/o * J)

.

Remon. This wer already proved in Talk 5
,
under

the hypothesis of existence of local defi . (that

is true in this cose).



Remark /complete intersections)
.

Recall that a

quotient B :

All is a complete interrection if

I = <Q
, ,

. .

.. ar) with r = dimA-dimB. For A

a CM ring ,
we can construct the Koszel complex

Kalan
, .... ar

: 0 - 1A-1
*

A
+

...

-> A+
A + B - 0

that in this case given a resolution on B
.

same proof of the previous theorem /but simpler

shows that determations of B arise as liftings

of the Koszel complex ,

so we obtain that

defs . of 1
.
Ci are locally unobstructed in

one

codimension
.

Moreover
,

defi . of 1: are them-

salves I
.

C
.

i.

Important. The fact that defs. are locally unobstruc

ted is not true for CM schemes of

codim > 2
.


