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Ta l k 7 Cohen-Macaulay schemes
&

in codimension 2.

Goal
.

In talk M we proved that defs of non-

singular office schemes are trivial
, So it

is natural to study deformations of closed

orbichemes of a non-singular scheme.

lembedded deformational
.

We will
prove that

CM-schemes in codim
.

2
comes with a particular"

free resolution that is liftable to any deformation.

This will
prove that deformations are locally unobstructed

in this class
of schemes.

& 1 . Cohen-Macaulayness

Let A be a ring ,
M=A-med. A

reg,

requence for M is a set of elements

Xe
, ..., Xr & A St

.

Fi
,

Xi is not a zero-

divisor in M/(x1
,

. .

.. Xi - 1) M.

Interpretation of dopth . Geometrically , depth
H

measurer how
many

times
we can

at down

by hyphorfaces"
,

and in general for
any

local ring A it is verified

depth A = dim A



Def .

Let (
, m) be a local ring ,

Mc And.

The depth of M is the maximum length

of a reg . requence.
We

say
that A is a

Cohen-Macarlay(CM) vine if depthA = dimA.

Prop .

Let (A
,
m) be a local noetherion ring

.

Then

11) A regular=> A CM

(2) A <M => Ap CM F peSpecA.

TheDef projective dim. of M : A-mod it
-

the minimum length of a projective resolution

of M
,

i

.

e
.,

ofon exact requence

...

+> (
-> 20 + M + 0

with Li projective·

Thm (Auslander-Buchsborm)
.

If
M is a 8 . %.

(A
,
m)-module ,

then

pdM + depth M = depth A

Def .

A scheme X is called CM if

Ux
,

x
is CM V xeX
.

Example. A 1
.

C
.

i on a non-singular variety
is CM

.



82. CM schemes of codim 2
.

First
,

we will prove
a structure theorem

for CM quotients All of codim. 2.

Theorem (Hilbert-Burch)
.

Let A be a regular

local ring of dimA-n
,

B : All with

dim B = n-2 andt
.
Bis CM

.

There

exists an exact requence

0 -> A
-- 1* A + B + 0

whereY is given by a matrixs.f. its maximal

minors are a minimal set of generators of I
.

Proof
. By Auslander-Buchsbaum thm.

depth B + pdB = depth A

-> pdB = 2
.

If we take a minimal set

of generators an
, ...,

are
for I

,
we obtain

on exact
sequence

0 + A
+

-A
+ 1

-A + B + 0

where a is the
map given by eira:

and Y is given by an (+1)xr matrix.



vows

I

7 I ,
define t:e: +

7) miQu+ 1

Notice that

(804)(e) = f(()=
1 Mi

computer the determinant of the (r+ 1)x(r+ 1)
matrix

that results from adding the column Cj to

the matrix 4 us foy = O
,

and we have

a complex

A10
+11 A (f)

Now
,

we can show f is proportional to a.

Notice that sinceI is injective ,

it has ranc

50 8 +0 , Consider K = Frac (A) and tensor to

obtain

4I 1
+L

, K

and notice that
comparison

of ranks shour

homology of I has rank O w is just torsion

dements
.

Now
,

Since

Kerf/Imy < A"1/ImY= covery

and covery =Aex [md = I : A is

torsion-free- # is exact.



This implies that I =
J : < A

, . .
.

,
frtc) ·

Consider a point peSpect of codim 1
,

50

Be SpecB and then

0-AA** Ap
- > By

= 0

and since Ap is a free Ap-mod , this requence

is split ,

i
.

e
., ImYpis a direct summond of

Ar
+ 1

and there exists 4 : A
*

-> Ap S
.

t

.

B

↑ oYp
= id

,

i
.

e
.,
there exists a rx(r+ 1) matrix

↓ et
. det(o4p) + 0 - some fi is

a unit in Ap ,

and then AlJ is

supported in codimension =2
.

Since IVJ

as A-mode
,

7 a b < Alo It
. a t = b J.

On the other hand
,

since A is a regular ring

A = 1 Ap and Ip
= Ap , Jp

=

Ap peSpecA

ht(p)= 1

with ht(p) = 1
,

00
, apAp =

SpAp and this

implies a
,

beA" -> I =

J as



In the geometric setting we obtain.

Corollary .

Let X be a smooth variety /V
,

Y = X a CM closed abscheme of codimx y = 2.

Then V yeY,

I on open aft .

und
.
YeUX

and y a matrix of reg.

functions in Ox(V)

5
.t

.

there is on exact
requence

0 - 03p
+

170u -- Dynu
+ 0

and the maximal minors of 4 generates

[x(ynu)
.

Next time. We will
prove

that local deformations

of Y are given by lifting of the matrix 4.


