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Plane curve singularities

Idea of local modeli. Try to describe all possible local

deformations of a plane curve singularity
.

Goal
.

To find X
->

Spec R deformation being

-"complete" (versal) :

any
local def can be obtained

by base extension from this one.

- "minimal" (miniversal) : it is the smallest posible.

-

"Universal" :
any

other def is obtained by
Are

base extension from this one.

Example. Consider the node Xo = (x y
= 0) = A =

Speck[x, 4)

and X
=

(xy - t = 0) <A
=

Speck
[x

, y
,
t]

↓
-0 ~Xe hyperbola

T =

Specrit] .

t = 0 -> Xo node

Let X15 be
any deformation ofXo over

- 1

5 : Spack with R a complete local ring
.

For simplicity we assume

- R = KITO]]
-

X' is defined by one equation g(x, y
,

% = 0
,

ge KITE]] [x ,
y] with g(x

, y
,
0) = XY
.

(since AxSpecKito]] = Spec KITU]]TX,
y] =: /Az



Aim
.

There exists 5 - T (i . e
.,
it]- KITOT]

given by Y(t) = T(0)
,

T(0) = 0) S .
t

.
X = X X

+ 5
.

The lost condition means the following :

-pullback of universal family will be given

by the equation

xy- T()
= 0 in A,

this we need on isomaphism

& [x
, y]/(xy - T(r)) = B[x

, y]/(g)

Then
,

it is enough to construct

X(x
, y,

8)
,
Y (x, Y

,
5)

,

U(X,
4
, 5) e RIX

, Y]

S
.
t

.

2) change of variables

- X (X
, y

,
0) =

x

Y
central fiber doew not change

-

y(x , y,
%) =

Y

- U(X
, 4 , 5) is a

unit and U (X , 4
, 0

= 1.

-

VIXy - T) = g(x, y, %) (#)

construction
.

We have given
T(o = 0

,

X(0) = X
,

Y(0) = y
,

v(d) = 1
, g

= Xy
+29 :

6: 9: RIX

Let T
= Zaisi

,

X = X + Ebisi
, y

= Y + Easi

U = 1 + [Uisi
,

Rick
,

bi
,

Ge k[X, Y]
.



Substituting ( *) We see

V(Xy - T) = g(x
,

y
, %)

11 + un8 +
... ) /(x + best ... ) (y + 28 +

... ) -

2nd-... ) =

Xy
+ 9

.

5 +...

*
y + b

, sy
+ 25x

- 05 + 4
, 8Xy +

...

= x
y

+ 9
,

8 +...

and deg 1 part (in 5) of M is given by

b + <X
-

an + u
, xy

=

9 (t)1

We can choose on
,

be
,

G
,

4
y

S .
t
. holds.

Then
,
by induction we can

suppose
&

i ,
bi

,

Li
, bi

were already constructed for ich
,

and then des
.

n part of give

h(x, y) + X( + ybn -

an + xy4n = 9n

and we can solve this.

Problem. We constructed X
, Y ,

U in the
Ving

k[X,
YT [[O]] (bigger than KITO]]IX

,
YJ).

Recall
.

Let X be a northerion scheme
,
yaX closed

obscheme. The formal completion of X along Y.

denoted ( X, Ox)
,

is the ringed space given by :

- topological space :
Y

-sheef of rings
: Ox

:

In Ox/IY.



Conclusion The formal completions of X and

XX
+
5 along the closed fiber at 5 = 0 are

isomorphic. Thus the property we expected justS

hold at this level
.

Remarks. (1) Everything works in the some
way if

we

also consider power series in X
, 4.

121 Linear coeff. an is uniquely determined
,

and notice

that differential of 4 :
-> T is given by

doy :

Mole=
-15 ->

Myolezoht, one air

This is interpreted as a minimality property (we are

using the minimum number of perometers we need to

describe defi . of Xo)
,

and we
say

T is the

miniversal def . space of Xo.

131 &
,
for is I are not uniquely determined

,

50 5-T

is not unique (def. is not universal)
.

M) In the previous example we could have taken

Un = 0 F 121
,

but it is included because in the

genera care f(x, 4) = o might he not homogeneous.

General case .

Conside an isolated plane curve sing.

given by f(x,
Y) = 0 that we asorme is at the origin,

so the ideal J = (f
,
Ex

, fy) is primary to

m
=(X, Y).



Recall (talk 4)
.

Let R = k[X
, Y]

,

I = (f)
,

B = RII

-> deff. of B over dual numbers are parametrized

by TM/BIK
,

B)
.

Here we can compute explicitely. Recall that

fa
T (BIR

, M)
= cover (Hom(@Al

,

M) -> Hom(I/I ?, M1)

8 : I/I" -> RAIu*B
,

Ill : (E)

5 ab1 6 : It tydx + fydy

Hom(@Al
,

M)Hom(I/I?
,
M/

V

Y yo

Y(dx) = mn
408(F) = Y1 fx dx

+ fy dy)
=

fym, + fym
Y (dy) = mz

~ T1 (BIK
,

M) = M/< fx
,

fn)M

-> T(B/r
, B) = B/< +x

,
fy)

= R/J
.

Take
In, ...,

90 R1J whose image in R1J are

a basis es vector
space. Consider the vine

T =

Speck[Th
, ....
Tr] and the deformation XIT

given by

F(x
, y,
t) = f(x, y) + [ + gi(x , y) = 0



Theorem
.

Let f(x,
4) = 0

an isolated plane curve sing.

and XIT the constructed deformation. Then

XIT is the miniversal def space, meaning

1) V X/5 def .

With 5 = SpecE complete local ring,

7 4 : 5 - T S
.
t . X' and XX+

5 become

iromorphic after completing along theclosed fiber

over zero.

2) although Y is not unique ,

the induced
map on

Zovishi tougent spaces of 5 and T is uniquely

determined
.

Example. Consider the crop &(x
,
y) = y 2 -x

-> Ex = -3x? fy =

2y (overme Charl + 2
, 3)

.

=> k[X
, Y]/< f

,
fx

, fy) is generated by 11,x) over 1.

Let's consider the miniversal deformation

F(x
, y ; +

,
u) = y 2 - x3 + t + ux = 0

For gral . In the system

F = 0

Fx
= - 3xx + 4 has no solution

&
Fy =

2y
(the curve defined by F is smooth)

Now, Fy = 0 -
y

= 0 + t = x -

ux

= !
t = - 2x3

Ex
= 0vu = 3x2 u = 3xh

-> singular fibers happen over 0 = 127t - 443 = 0)
.


