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Obstruction to deformations

Recall . ConsiderXo ech . /K ,
C en Artic

local R-algebre. A def. ofXo over (

is archeme X flot/C with a closed

immersion Xo X S
.
t

.

X*CK
= Xo
·

Def .

For a
map
CC of Artim local

v-algebres
,

we
say

that

Xo
> X X X

↓ ↓
extends
↓ ↓

Speak
-> Space' Spock -> Spac

if there exists a comm . diagram

*xx

↓ ↓
5. t

. XXC = X
.

speck
-V- Specc'
↳
Spec

Two extensions are equir . if I on iron
. /' o .

t

.

compatible with the immersions of Xo
.



Question. Given a def .

Xo X

and C' = (
↓ ↓

Speak -> Spec

11) Is there exists on extension?

12) How mony
?

Affine case
.

Xo
:

Spec Bo
,

Bo = kIx, . .

.,
x] /To

,

X = Speci ,

B = C Ex
,
,

. .

.,
MJ /I

,

X = SpecB'
,

B = c'IX
e . .

., Xn] / I'

Conside 0 -

> J -> C+ 2 ->0 with j2 = 0
.

Then

M'c'- mod is flat /c=> M = Ma
,

C Hattc

Holk 2)
and MocJMi

Let R = < IX
,

. .

.. Xn]
,

R = C'[X
,, . .

..
XJ

,

Ro = RIXe
, ...,
Xn]

Consider 0 ->

& + R+ + 0

0 -> a- RiI -> 0

and terror so with R'"
,

RY and B' over C

to obtain the following diagram :



00

↓ ↓
I

Q

·

- Rooms -pot
-

--
&

0 -> RoQnJ - P + R + 0

↳ "the"↓ e ↓ ↓

BoOrJ
-> B' + B -> 0

↓
80lt

↓
↓

O
O

O

lIdea : we are trying to construct B' it.

Bo@n] > B ! So we went to lift generator

of I to R
. /

Shake lemma. 7 %o : a - Boon] St
.

BoOnT <> B' < => f = 0
O

-

Notice that the ideal Fo : (f(e)b-Abala
,

ber")
,

FoQ and these relations can always be lifted
.

S

More specifically, if I
: St

, ,
.

.

.,
fr> and we pick

I

liftingsf,, .., fr
,

the relation 8
: 2-fil : in a

always lifts todie ; -jetca' . Thus
,

so factorizes

throughQlFo
.



and then we obtain 8
. Home 19/Fo ,

BonJ).

Recall
.

↑ (BIc
,

B
. OJ) = cover(Hom(RYIRY Bo* J) + Hom(9/Fo ,

BoJ))
·

Thus
,

the previous choice of generators defines on

element

6CT(BIC
, BOJ) -T2( Bolu ,

BoQJ)

Claim
.

8 is indep of the choices of littings.

Take fie R'another set of liftings of fi.

Since fi-f " goes to zero under R-> R
/

we obtain a
map
R- RoxJ

,

and the composition

R R"
-> Ro & J - BoJ

fotorizes through F/IF. Thus the difference

8-do"goes to were in T?.

Also
,

we need to check I is independent of

R => B 1 to be checked)
.

Now
,

we went toree 8 means on obstruction for

the existence of B ! i
.

e
.,

B c' 7 <= So = 0.

If B'/c' exists => 60 = 0 => 8 = 0
.

fletnes



Assume 8 : 0
.

By def, Sn Ham (alFo
,

BoJ)

lifto to U : RYIR"- B
.

J i
.

e
., if

# : 9/Fo-RYIR"
,

then rot
= 8

.
Now,

Since RV is free,

g

Ro &J-> BoOnT -> O

- ↑
pr

and I is determined by choice 9
, , ..., 90 Ro5·

- -

Take Fi = -9 ;
and define E :

< ,, . .

., fr

↑
original generators

I

- B = R/E
.

We compute that 5 : 0

=> B flet over C' . Notice that the

original 8 was eirst ,

and now we

-

change f by f : eirs & fi-gi
.

Then
,

for q : Jaili - &
,

(f) =

Zai /Fi-gi) = f() - Zeigi
-

-> 81E) = So(E) -

c
,

with c the image
of Zeigi in BoQJ

,

but

& (2) = do(g) - F(9(8)) = 0019) - U19) = So(E)-8019)

= 0



Talk 4 : Defi . are a tarsor under HomII/I&, BOJ)
.

Talk3 : (1) Different choices are peremetrized by Hom/RRK
.

BaJ)
·

Thus
, equir classes is a tesor under

coker(Hom(@rIc
,

Bojl-> Hom(Ilt
, BOJ)) =: T(BIC

,
BOJ) = T(Bolk

,

Booj)
,

12) Group of eutomorphisms of B' lifting ide is

isomorphic to To /Bolc
,
BoJ).

Remark.

11) To is a
1

.
c

.

i L =) & = Fo
.

Then
,

Hom(2/Fo
, Bol = 0 => T= 0 and there are

no obstructions.

121 Over Xolk non-office ,

loca modules
i

can
be glued onshearer Txo := Tx(Xo/Speck

,
Oxo)
.

If Xo is normal and reduced
,

T Exte (exo .
Oxo)

,

T Extoxlexo
.

Oxol

(See Schlessinger
.

"On rigid singularities").

In the global setting we have

Thm
.
1) J 3 occesive obstructions for the

existence X extension of X over C
,
lying on

HoXo
,
Y*JI

.

H'(Xo
,
TJ) and H(Xo

,
7051

.



(b) Let Def(X/C
,
(1) = /extensions X/c'Y/. Then

0 + H1(Xo
,

T * 5) -> Def)X(c
,
() + H

°

Xo
.
TJ)

-> H2(Xo
,
To @J) is exact

.

(2) Given XIC' ext. of X/C
,

H
°

/Xo
,

To & J) is

the group
ofautomorphisms of X/C' lifting the

identity of XIC

Proof .

Write X = Uni
,

U : office
,

so 7

on obstruction in Hoi
. Th

,

* J) for the existence

of Mi
,

so there is a globe obstruction

8 - HoXo
,TY@J) global obstruction. If 6 = 0

,

then 7 H: local extensions.

On the overlaps Hij = Mill
;

we have two defi.

Milmij
, Milaij <-> 2 elements in Ho(Mij

, Th
*5)

and their diff dij is in HoMij
, TJ)· We have

Nijue Sij ,

Minus fir
,
Ujn - fin and by def

.

fij-Sir + Sin
= 0 -> they define

82 H(Xo
, 4x &5)

.

-

If 82 = 0
,

the extension I : are equir

on Bij
,

so we can choose Yij : Hila
,

Wilmi
;

and they induces sections in Ho /Mijn , Th
*J)

thatagree in H-intersectionss Je HiXo
,
T * 5)

.



(b) Take XIC' and X = Vei
,

M : office

-> element in Holi
,

Y* 5) - element in H°Xo
,T

* J)
.

Now
, given on element on element in Ho

,

+%05)

we have loca defs.
,

and the obstruction to glue them

liver in H2(Xo
,T J

=> Def(x /C' c) -> HoXo
,
TT) + HXo

,
Yx0& J)

.

If X 1
,

X2 give the some 6 H °Xo
,
TJ

=> F Hi
,

4 :

Xilm: Xilm :

> Y = 4:04,
out of

Xilus
-> element in H%Mij

. Thi
* 5) 0

.

t
. they

agree in -intersections
.
A

corollary .

IfXo is non-singular
,

then

191 7 only one obstruction in HXo
,TX@ J) for

existence of XIC'
·

(3) If extension exists
, equir

classes are a

terror under H"(Xo
,

Tx& T)
·

Proof
.

No non-singular => T = T = 0 and

↑ To < tenget shoof .

D


