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1 Introduction

These notes were presented in two two-hour talks as part of the AGQ Reading Group: Instantons,
Solitons, and Twistors and are closely based on Chapter 7 and Appendix B of Solitons, Instantons,
and Twistors (Second Edition) by Maciej Dunajski [1| and Lectures on Twistor Theory by Tim Adamo

[2].

1.1 Objectives and Structure

The aim of these lectures is introducing elements of Twistor Theory, highlighting their relation with
the integrability of certain Self-Dual (SD) or Anti-Self-Dual (ASD) sectors of solutions of the four-
dimensional Yang-Mills (YM) equations and the Yang-Mills Instantons. The structure of these notes is
as follow: in Section 2, we review how (A)SDYM equations arise, their link with YM instantons, and we
study their integrability thorugh the Lax Pair; in Section 3, we introduce the Twistor Correspondence,
the definition of Twistor Space, its conformal properties, and its complex structure; in Section 4
we introduce the Ward Correspondence — the main result of this lecture — which relates (A)SDYM
instantons with certain holomorphic vector bundles over Twistor Space; in Section 5, we introduce the
notion of holomorphic frames, we give a strategy to reconstruct the gauge fields solutions, and work
out a few explicit examples.

1.2 Notation

We briefly summarise our notation and conventions.

Spinor Formalism: Let us consider complexified Minkowski M¢ = ((134,77ab) with complex coordi-
nates ¢ € C and holomorphically-extended metric n% = diag(+, —, —, —)%, and denote SO(4, C)-

indices with a = 0,1,2,3, negative chirality SL(2,C)-indices with a« = 0,1 and positive chirality
SL(2,C)-indices with & =0, 1.

The Spin-group of the spacetime is Spin (M¢) = SL(2,C) x SL(2,C), double cover of SO(4,C) =
SL(2,C)xSL(2,C)

T . This isomorphism is carried out through Pauli matrices o&%:
o1 0 4+ 03 ol 402
v = gag%a = (Ul v 0 — 3 (1.1)

The SL(2, C)-invariant, antisymmetric tensor

0 1
€ap = <_1 0> = €4p- (1.2)

defines a skew-symmetric inner product on spinorial objects in some representation of each SL(2,C)



copy and can be used to lower and higher SL(2,C)-indices:

k®we = k*wPeg, = (kw), (1.3)

Fods = kiley, = [k:w} . (1.4)

Combining these relations, we have v? = v%v, = 2det (v"‘d). This implies that every null SO(4, C)-
vector can be written as k = A*\%.

The line element can be written as ds® = nabdac“dxb = 6a56d3dw°‘ddx55 . Note that the concept of
signature loses meaning for complex coordinates.

We introduce a second set of complex coordinates on Mg, Z° = (2,2, w,w) with i = 1,2,3,4 and
referred to as half-lightcone coordinates, equipped with metric ds? = 2(dz d? — dw di). The change of
variable is given by
20422 20— 2? vl — 02 - vl 4 iv?
z = , 2= ,w=————, and W = ——F+—
V2

V2 V2 V2

(1.5)

Hodge Operator and (Anti-)Self-Duality: On a four-dimensional real manifold (M, g), we define
the Hodge Operator action on 2-tensors w as

)ab_} ab, cd L

(xw)® = 5Ced ™ (*}w) 4 = 2 Cabed: (1.6)

where &4 is the fully-antisymmetric Levi-Civita symbol and €444 = 1/|9|€abea 18 the fully-antisymmetric

Levi-Civita tensor. In Lorentzian signature, x> = —1, therefore eigenvalues for the Hodage Operator %

are =+, while in Euclidean signature, x> = 1, therefore eigenvalues are +1.

We extend this definition to spinorial notation. We decompose wg, = J[O;daf]ﬁ (5a5w(d5~) + EdBW(aﬁ)),
which yields

cd _ad

1 - .
(xw)ap = 5€ab0fe o (ww(aa) + %Bw(aﬁ)) =1 <5aﬂw(a6) - %3%5)) : (1.7)

We refer to w &) 88 the Self-Dual component of Waass which has eigenvalue +i, while we refer to
W(ap) as the Anti-Self-Dual component of WaaBA which has eigenvalue —i.

2 (A)SDYM Equations, Integrability, and Lax Pair

In the previous talk in this Reading Group', we discussed the definition of non-abelian (A)SDYM
instantons in four dimensions, i.e. finite-action non-singular solutions of the classical Yang-Mills equa-
tions of motion in Euclidean spacetime, and given a few examples. Let us study YM equations, their
integrability, and (A)SD conditions on complexified Minkowski Mc.

2.1 YM field and (A)SD condition

Let us pick halg-lightcone coordinates Z* and the volume form on Mg given by

V=dwAdbAdzNdz. (2.1)

The space of SD 2-forms is spanned by

wp = dw A dz, wo = dw Adw —dz ANdZ, w3y = dz A dw. (2.2)

!The previous talk presented Chapter 6 of [1] regarding Gauge Field Theory.



The space of ASD 2-forms is spanned by

p1=dwANdz, p2 =dw A dw+dz AdzZ, p3 = dZ A dw. (2.3)

Let A = A;dZ" be a Lie-algebra g-valued gauge field, the covariant derivative be D; = 0; + A;, and the
field strength Fj; = [D;, D;]. We can impose ASD and SD conditions on the 2-form F' by requiring
FAw=0, V{=1,2,3and FFAp, =0, ¥l =1,2,3 respectively or

ASD : sz = O7 Fwﬁ, - Fzg = O, Fﬁ,g =0 (24)
SD: Fg, = 0, Fpw+F,s=0, Fu,;=0. (25)

We can see these conditions as yielding from a overdetermined linear system, as we will discuss in the
next section.

2.2 Compatibility of Overdetermined Linear Systems as Integrability Condition

Let us first review in an example how Frobenius Theorem guarantees solutions to certain linear systems,
ensuring integrability. Consider the Lie algebra g = gl(2,R) and two 1-forms over the two-dimensional
real space A, Ay : R%w,y) — gl(2,R) ® A!, a two-dimensional vector v : [R%w’y) — R2, and the overdeter-
mined linear system:

D,=0v+A,v=0 Dy = 0yv + Ayv = 0. (2.6)

Let us review Frobenius Theorem in its version presented in [1| in Appendix C as Theorem C.2.5.

Theorem 2.1 (Frobenius Theorem). The necessary and sufficient condition for the existence of the
unique solution u® = u*(z) to
ou’
ot
fori=1,...,n and o, 3 =1,...,N such that u(zq) = ug for any initial data (ug,zo) € RV is that
the relations

= \Ilf(m,u) (2.7)

owe vl pye 5 OUY 4
L A L — — 2.
oxl oxt + oub ¥i oub v =0 (28)
hold.
Fixing ' = = and 27 =y, we get:
(02 Ay — 0yAz + [Az, Ay]) v = 0. (2.9)

Therefore, we obtain the zero-curvature condition:

Fypy = [Dy, Dy| = 0, Ay — 0yAz + [Az, Ay] = 0. (2.10)

Let us know denote g = (v; v2), where vy, and vy are two independent solutions of the system in Eq.
2.6. Therefore, we can reconstruct the gauge field from g as

Ap==0eg)g™' Ay=—-(0y9)9" &  A=—(dg)g! (2.11)

which is a pure gauge field, as required by the zero-curvature condition.

This strategy to recover the gauge potential for a given problem by exploiting the compatibility con-
dition prescribed by Frobenius Theorem can be replicated in the (A)SDYM equations case once we
construct a pair of operators called the Lax Pair.



2.3 Lax Pair Formulation of ASDYM

Let A € CP! be a spectral parameter. Let us introduce a pair of differential operators defined in
half-lightcone coordinates:

L=D:—ADy,, M=Dgz—AD,. (2.12)

For some ¢ = 1(z, Z, w,w, \) € g, they define an overdetermined linear system:

Lip=0 A M =0. (2.13)

The compatibility condition:
[L,M] = Fsg — MFypg — Fu3) + \2Fy. =0 (2.14)
is equivalent to the ASDYM equations, as it holds for any value of A\. From the equivalent formulation

of the system

—(051 — NWP)Y ™t = Az — XAy A =g — A0 = Ag — \A,, (2.15)
the gauge field A can be read off the RHS once 1 is known.

2.4 Lax Pair Formulation of SDYM

The same reasoning can be replicated for the SDYM case. Let A e CP!bea spectral parameter. Let
us introduce a pair of differential operators defined in half-lightcone coordinates:

L=D.,—\D,, M=Dg—AD:. (2.16)

For some ¥ = 9¢(z, Z,w,w, \) € g, they define an overdetermined linear system:

Ly =0 A My =0. (2.17)

The compatibility condition:

[L, M) = F.g — MFypg + F.z) + N2Fpy: =0 (2.18)

is equivalent to the SDYM equations, as it holds for any A. From the equivalent formulation of the
system

—(0:9 — A0V = A, — My A — (0% — Nz)YT! = Ag — A3, (2.19)
the gauge field A can be read off the RHS once v is known.

2.4.1 Geometric Interpretation of the (A)SDYM Lax Pair

The Lax operators for ASDYM and SDYM equations define a two-dimensional distribution depending
on the spectral parameter A € CP! and A € CP! respectively.

Geometrically, for fixed A and ), the two pairs of vector fields

(6,m) i€ =05 — Ay, m=05—M:, and ({,1n):1=08,— Ny, 1h=05—\0: (2.20)

span two two-planes in the tangent space of IM¢. These planes are totally null, as

ASD : n(¢,0)
SD: 5,0

B
I

n(m,m) = n(
n

m7
(mvm) =

W



We claim that the two-plane spanned by (¢,m) is SD, as V(¢,m,-,-) is a SD 2-form on Mg, while
conversely the two-plane spanned by (¢,m) is ASD, as V(¢,m,-,-) is an ASD 2-form on Mg. We also
recover the operators by projecting the covariant derivative along the corresponding vector field:

L=10D;, M=m'D;,yL=20D;, and M =m'D;. (2.23)

This discussion leads to two mirror statements.

Proposition 2.2 (ASDYM condition). The ASDYM condition [L, M] = 0 on a 1-form A : Mg — g@A!
1s equivalent to the vanishing of the YM curvature F' = dA+ AN A upon restriction to each SD totally
null two-plane.

Proposition 2.3 (SDYM condition). The SDYM condition [L,M] =0 on a I-form A : M¢ — g @ Al
is equivalent to the vanishing of the YM curvature F' = dA+ AN A upon restriction to each ASD totally
null two-plane.

This observation is the underling property motivating the twistor approach to (A)SDYM equations.

3 The Twistor Correspondence

The aim of this section is introducing the Twistor Space through the Twistor Correspondence. In the
following, some basics facts from Twistor Theory will be reviewed.

3.1 Double Fibration and Twistor Correspondence

First, let us define Twistor Space”. Let T be a four-complex-dimensions vector space equlpped with an
Hermitian form ® of signature (+, 4, —, —). This space can be parametrised by Z4 = (u%, \o), where
p& and A\, are two spinors wit SL(2,C) indices. To proceed in the definition we need to introduce the
notion of flag manifold.

Definition 3.1 (Flag Manifold). A flag manifold Fg4, 4. = (L1,...,L;) is a sequence of linear sub-
spaces Ly C --- C L, C T with dimensions dim¢ L; = d;.

Let us denote PS = F2 = G24(C) x CP! the undotted projective spinor bundle, P = F; & (D[P?’,
and M = Fy = G94(C) the complexified compactified conformally-flat spacetime, isomorphis to the
2-complex-dimensional linear subspaces inside C*. Let us interpret this construction: PS is the space

of two-planes inside C*, and of the lines laying along them, P is the space of lines in C*, and M is the
space of two-planes inside C*. The Twistor Correspondence is a double fibration

PS
/ \4
P M
where the fibration g (L1, Le) = L; selects the line and r (L1, L) = Lo selects the plane.

On PS = G94(C) x CP!, we have coordinates (z%%,\,), where %% parametrises planes in C4 and
A ~ r\ for any r € C* parametrises lines. The space P = 6—8 >~ CP? is defined by trivialising the

Twistor Distribution d5 = Aq52x 3zw % imposing on Z4 = (,u A ) projective rescaling Z4 ~ rZ*4 for any
r € C* and imposing the so-called incident relations u® = x®*)\,, which are the lineaer holomorphic

2This formulation is adapted from the one presented in [3].

3The Twistor Distribution spans totally-null ASD two-planes, called a-planes. Using the same coordinates as in the
prev10us section, we can define 6o = £ = 8, — 5\8w, and 01 = M = Op — ;\8 . Alternatively, we could have also defined
P = 2 with §, = pu® o —2_ imposing dual incident relations A* = pusxz®®. In this case, the dual Twistor Distribution
spans totally-null SD planes, called S-planes. Using the same coordinates as in the previous section, we can define
50 =/{ = 0z — ANOw, and §1 = m = 0y — AD,. This duality is exactly the same we observed in the previous section. We
will come back on this point later on to see how it develops in Twistor Theory.



embedding of CP!, that is, Riemann spheres, in P 22 CP?. Finally, on M = G'2,4(C), we have coordinates

x*e.
The Twistor Correspondence consists in identifying:
e apointz € Mr— X =¢q(r~!(z)) CPaline: X = CP1,
e apoint ZePr—2=r (¢! (X)) CMan a-plane Z = CP?

To better understand the second instance of the correspondence, let us first consider the point Z € P
as intersection on two lines X, Y C P, thatis Z=XNY — (,ua, /\a); let us denot x,y € M the points
corresponding respectively to the lines X, Y C P: the incident relations at each point read

pd = 2N\, pe = y*A,. (3.1)

The existence of an intersection point requires (x — y)*d = )\0‘5\‘5‘, i.e. the points in spacetime to be
null separated. The degrees of freedom A* are the ones of the a-plane.

From this last observation, we learn that the Twistor Correspondence captures the conformal structure
of M: a point & € M sits on the lightcone L, C M of another point x € M if and only if the corresponding
lines X, X’ C P intersect in P.

In all truth, we still have not defined Twistor Space. In order to properly do so, one needs to discuss
the conformal invariance of the structure we have built so fare: we will do this in the next section. For

now, let us claim that Twistor Space is an open subset PT C P.
open

Before moving forward, let us state a fact and a definition. The fact: a holomorphic line embedded
in CP3 can be specified by any two points that sit on it. In particular, we can represent any line
X C P as a Klein Quadric X8l € Q = {X € CP? such that X2 = 0} specfied by two points Z; =
(210, Ma)s Z2 = (29N a, Aoa) € X C P as the bi-twistor

1.aB2  ga
XAB = W ZBl — (3 \) (2 s 7). (3.2)

—Ta €ap

And, finally, the definition: we denote as PV the dual space to P. Coordinates on PY are W, =

(5\@, [LO‘) There exists a natural inner product

Z-W = ZAW, = [;A] (N (3.3)
which is given by the Hermitian form ® when we consider coordinates non-projectively as points in
ct.

3.2 Conformal Structure and Twistor Space of M¢

The conformal group of complexified Minkowski space is SL(4,C). There exists a representation of
SL(4,C) that acts linearly on P: we can write the SL(4,C)-invariant eapcpZ{*Z8 25 ZP for any
Z1, 2y, 43, Zy € P and as holomorphic generators T' é = 74 9. which can be identified with:

EYACR
0 0 ~ 0
Poa ::Aka a Jd = a Ava) Jo5= < BN 3.4
ot SRSV ap = My 5 (3:4)
. .0 1 0 . 0
Kod — & D= Acy — , .
P 2 ( e aw) (3:5)

denoting Pus, Jag, J o 88 the generators of Lorentz boosts and rotations, K*® the generator of special
conformal transformations, and D the dilatation generator. It is easy to check that these operators
obey the conformal algebra.



Any conformally flat metric can be brought to the form

9 Az dz g,

= Fw)e

(3.6)

where f(z) = 1 corresponds to M¢. Using the Twistor Correspondence and Eq. 3.2, we can rewrite

the line element as: _
__EABCD}(AB)(CD __<A1A2>d$aad$ad (37)

ds? 5 5
(IapXA4B) (IapXAB)

for some projective-weight-zero fixed bitwistor I4p called the infinity twistor. This is the ingredient
that breaks conformal invariance, introducing a singularity in the metric at 745 X4? = 0, and allowing
us to pick Mg over all the conformally-flat spacetimes. Therefore, we can define Twistor Space as open
subset PT C [P such that for any line X C PT, IapXAB = 0.

open
1/0 0
Iap = 3 (0 8a5> (3.8)

To go back to Mc, let

be the infinity twistor, which implies T4 X8 = (A \2), and therefore ds? = dz®Ydz e as desired.

Also, IapX AB — (A1 A2) = 0 implies Ao, = 0 = Agy. However, if we consider the incident relation
pd = 29\, we realise that for finite components of = one would get Z4 = (0,0) ¢ CP3. Therefore,
some components of  must be infinite: the infinity twistor really corresponds to some portion of the
boundary of M¢. A more explicit definition of Twistor Space is therefore

PT =P\ {Z” € P such that A\, #0}. (3.9)

We also note that T4gI48 = 0, i.e. T is simple, therefore I C P\PT is a line, which corresponds to
the point ig, the spacelike infinity of M¢. Moreover, for any line X C PT such that X NI # &, the
corresponding x € Mg is null separated from ig, and therefore belongs to the null infinity .#*.

3.3 Reality Structures

So far, we have only worked on complexified Minkowski spacetime M. To obtain real spacetimes with
defined signature, we impose suitable reality conditions, i.e. we consider subspaces of Mg which are
real with respect to opportunely defined complex conjugation.

3.3.1 Lorentzian Signature

In order to recover M = R'3, we impose as reality condition the requirement for z* to be Hermitian:

1

. . 1 =0 =3 =1 252
xo‘o‘ = (.%'aa)T = — <:E T Q’JO _Z§3> s (310)

Ve \zl+iz* =

where T is the usual complex conjugation of C. This operation extends to spinors as

oo () = (), e () e (). an

We modify, for notation convenience, the incident relations to be

on PT, pu® =iz®%\,, andon PTY, %= —iz®\,. (3.12)

As complex conjugation exchanges SL(2,C) representations, we can assign to any point in M¢ twistor

space PT 3 Z4 'i> Z4 = (j\d,ﬂ"‘) € PTY, a point in dual M¢ twistor space. The inner product Z - Z

7



is a SU(2,2)-invariant*, as the spinors are Lorentzian-real Weyl spinor valued in SU(2). How do we
know what points of M¢c correspond to %% € M? Using incident relations, we obtain

7.7 =i (x_mT)ad Aahd = 0. (3.13)

Therefore, we can define the twistor space of real Minkowski I as

PN = {Z € PT such that Z-Z =0}, (3.14)

which is also called space of null twistors. Any point Z € PT corresponds to an a-plane in Mg, whose
tangent vectors are parallel to Ay. Moreover, any point in Z € PN corresponds to a real unique
geodesics AqAg: this is the intersection between the a-plane associated to Z and the Lorentzian real
slice M. Lines in PN intersect only if the corresponding points in M are separated by a real null geodesic.

3.3.2 [Euclidean Signature

In order to recover M = R*, we impose as reality condition the requirement for z®* to be real under
complex conjugation given by:

=0 _ =3 =1 | ;=2
: s T — T +1x
Y = oY — <;$1 _ i:Z‘z ;Z*O + j'?’> s (315)

where T is the usual complex conjugation of C. This operation extends to spinors as

= (3) e = () et (§) et = () (3.16)

The complex conjugation ~ does not interchange SL(2,C) representations, and since F = —1, there
no points in PT which are preserved by . This statement is equivalent at claiming that there is no
intersection between the a-plane associated to any Z € PT and R?, that is there are no real null
geodesics in Euclidean signature.

o

What about lines? We can structure lines of the kind X458 = z[AZ Bl which are preserved by complex
conjugation . The possibility of defining such a bi-twistor means that:

e for any Z € PTy a point in the twistor space of R*, we can assign a line X% as above;
e by twistor correspondence, to any line X C PTg, we can assign a point z € R%;

e any point = € R*, by twistor correspondence, is related to CP'-worth points in PTg, that is the
line X. To fix a point in PTg, one should first choose a point € R* and then a A* on the CP*.

Therefore, despite conserving non-locality, the correspondence yields a CP!-bundle:

) GO — o'z;\a
PT R4, 20 =HE2 — B2 and PTp = (R x CPY)

o ~ PSp. (3.17)

(mad ’Aa)

3.3.3 Split Signature

In order to recover M = R?2, we impose as reality condition the requirement for 2% to be real under
complex conjugation given by:

=0 | =3 =1 ;=2

ai  —am L (2043 T 40T

x =T =7\ =1 ._9 5
V2 \T" —iT

1Locally, SU(2,2) = SO(4,2), which is the conformal group of M.

(3.18)




where T is the usual complex conjugation of C. This operation extends to spinors as

oo ()= (3), w (9) 5 (). o1

At the spinor level, this means that the symmetry group decomposes in Spin(2,2) = SL(2,R) x
SL(2,R). In this case, projective twistor space admits a real slice isomorphic to PTg C RP3: given a
line X C PTg, for any Z € X, we have Z = Z when 2% = zo& ¢ R%2,

3.4 Complex Structures on Twistor Space
The study of (almost) complex structure is the core of complex geometry. Here, we only claim a few

fundamental facts about complex structures on PT < CP3. We can equip PT < CP? with an

open open
integrable complex structure, which yields:

e we can decompose any k-form along holomorphic and antiholomorphic coordinates as

O PTe= P 9 (PT) 3w =way..apay.a,dz’ A--- AdP Adz" A - N dEY (3.20)
pt+q=k

e we can define the so-called Dolbeault operator 9 : QP (PT) — QP4*+! (PT) such that 5‘Qp,q(
Pp.g+1 © d, with projection p, 4 : QF (PT) — QP4 (PT), and d standard exterior derivative;

PT) —

e the Dolbeault operator is such that 92 = 0;

e locally, we can represent 0 = dZA%, where what we mean by complex conjugation depends
on the reality structure the we want to impose.

This gives rise to Dolbeault cohomology groups on twistor space Hg’q([PTT).

We can construct an explicit bases for the antiholomorphic vector and (0, 1)—forms on PT g:

T[gﬁTlE = span {80 = (AA) A\ 820" Oy = A\ 8;)&&} (3.21)
Q"Y(PTg) = span< & = (A Lf)\g, g = daf (3.22)
(AA) (AN)

The complex structure on PTg is therefore given by 9 = €° 9y + €% 4.

4 The Ward Correspondence

We now want to study the full non-linear (A)SD non-abelian YM equations. As we will see in this
section, twistor methods have a lot to say in showing their integrability and finding ansatz to find YM
instantons solutions. The main result we will show is the correspondence between SDYM instantons
solutions for some gauge group § and an holomorphic vector bundle on PT with additional requirements
needed to specify the chosen gauge group §. How the ASD case con be recovered with the same but
mirrored construction will be commented on at the of the section.

4.1 GL(N,C)-Gauge Theory on Mc and on PT
Let us consider a YM theory with non-abelian gauge group § = SL(N, C).



On Spacetime: Let us introduce the characters of this story on the spacetime Mc:
e Gauge Field: A,(z) : Mg — g ® Al (M¢) in the ajoint representation of the Lie-algebra g;

e Gauge Connection: D, = 0, + A, that acts on objects f(x) in the fundamental representation
of gas Dyf(x) = 0,f(x) + Ao f(z) and on objects ¥(x) in the adjoint representation as D,V =
0oV + [Ag, V;

e Curvature: Fy, = [Dg, Dy| = 0,Ap — OpAq + [Aa, Ab);
e Gauge Transformation Parameter ¢ : Mg — g such that A, —2 gA.qg~* — (0ag) g~ " and Fyy AN
gFabg_l-
On Twistor Space:
Gauge Field: a € Q%! (PT, g);

Covariant Almost-Complex Structure: D = 0 + a, a deformation of the Dolbeault operator via
the Gauge Field, only along the antiholomorphic directions;

Antiholomorphic Curvature: F' = [D,D] € Q%2 (PT, g);

e Gauge Transformation Parameter v € Q° (PT, g) such that D s vD~y~! and F s yFyL,
Finally, let us introduce some definitions.

Definition 4.1 (Holomorphic Vector Bundle over PT of rank N.). A complex manifold E, an holo-
morphic projection 7 : £ — PT such that

e for any Z € PT, 71 (Z) = CV;

o for any Z € PT, there exists a neighbourhood U, and an homeomorphism y, such that the
following diagram is commutative:

e the patching matrix 1,5 = xg o X5' : Ua N Uz — GL(N,C) is holomorphic.
We claim two holomorphic vector bundles (FE, (xqa,Us)) and (E, ()ZQ,UQ)) to be equivalent when
zﬂag = (Ha)_1 YapHa for some Hy = Xq 0 Xo ' called holomorphic frames.

Definition 4.2 (Section). A map I' : PT — E such that 7 oI' = 1py is called a section of the vector
bundle.

We consider a holomorphic vector bundle over PT of rank N, £ — PT, such that
e locally, E =2 CV x PT, which means that the fiber at each point is given by E| 5 = cV;

e the restriction upon a line X = CP! C PT is such that E|y = X x CV, i.e. trivial and the Chern
class ¢1 (E|y) = 0;

e holomorphicity of (E,D): given D : I'(E) — Q%! (PT, E) an almost complex structure on F,

we require D? = 0, i.e. D to be a integrable complex structure, which is equivalent to requiring
F=0.

Since End (F) = gl(N, C), the gauge group naturally encoded in E will be GL(N, C).

10



4.1.1 From the Holomorphic Vector Bundles to the Gauge Fields

Let us work out explicitly one side of the correspondence in a constructive manner, with Euclidean
reality conditions. Let a = age® 4+ age® be the gl(N, C)-gauge field on PTg, where ag,ag : PTg —
gl(N, C) live in the adjoint representation and have homogeneous weight 42 and +1 respectively’. We
have curvature

F = (50&@ — _da() — [ad, ao]) e’ A et + (5daﬂ- + [ad, a/BD e* A éﬁ

= D (ape’) + ((%aﬁ' + [ad, aBD e NP (4.1)

Let us check that the term D (aoéo) can be consistently removed by a gauge transformation. Being
a € QO (PTg,gl(C,N), for a line X = CP! C PTg, we have that 8‘Xa0 = 0; we can consider the

gauge choice such that (5}X)adj ap = 0 for any X = CP! C PTg, which implies that ag is an harmonic

function on X = CP! and , by Hodge theorem, that ag € Hg’l (X,gl(N,C)) = @. Therefore, we can
consistently set ag = 0.

The condition F' = 0 yields

Doag =0 A 6@&6 + [ad, aﬁl =0. (4.2)

Let a(z, A, ;\) be holomorphic, Liouville theorem gives us a4 (z, A, ;\) = AAu4(x), with Agg(z) : R —
gl(N,C) x A%! ([R4) gauge field on the FEuclidean space. Substituting this equation into 4.2, we find

esp N Fag=0 &  Fag=0, (4.3)

which means that F,_,s: = €,3Fas + EaﬁFdﬁ' = 6a5ﬁ'd5 is a SD gl(N,C) curvature on R*. This kind
of curvature satisfies both the Equation of Motion and the Bianchi identity of YM theory, i.e. it is a
classical solution, and it is refer to as a GL(N, C)-SDYM instanton solution on R*.

4.1.2 From Gauge Fields to Holomorphic Vector Bundles

The converse is also true. Let us consider once again § = GL(N,C) and a SD gauge field on Mc:
F w85 = €aBtlaps For any Z € PT, we can assign a totally null a-plane in Mc®. Let v, w be two

aQ
linearly independent vectors tangent to the a-plane, that is v** = A% and w*® = A\*%*. The
restriction upon the a-plane of the curvature is given by

F

56 P _

a-plane

We showed that F is flat upon restriction to a-planes’. Recall that points Z € PT correspond to totally
null a-planes in Mg¢. If F' vanishes when restricted to all such planes, the connection becomes flat
along each a-plane. This allows us to claim that the space on covariantly constant function valued in
the fundamental representation of gl(V, C) is the same as the space of constant functions on a-planes,
which means

E|, = {5(x) :Mc — CV such that Dgags| = 0} ~ N, (4.5)

a-plane

Therefore, to any point Z € PT, which correspond to an a-plane in M¢, we can assign a vector bundle
such that

e the bundle is topologically trivial upon restriction to lines, as defined point-by-point;

5The homogeneous weight are fixed so that a is weightless, given the dependence on A\, of &° and &* in Eq. 3.22.

50One can think of this plane as the ASD planes spanned by 7 and m, as defined in Eq. 2.20.

"One recognises here the condition of flatness upon restriction to totally null ASD two-planes, which is equivalent to
SDYM condition as by Prop. 2.3.
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e the bundle is holomorphic, as the whole construction is holomorphic.
We constructed the desired holomorphic vector bundle of rank N on PT.
To conclude, a couple of remarks:
e This correspondence transforms a nonlinear system of PDEs into a problem in complex geometry.

e This construction can be extended to any § gauge group by adding further constraint on the
vector bundle.

e Finally, one comment on the fact that we recovered SDYM instantons solutions. The choice
of picking SD solutions was made in the definition of P as quotient space P = ﬂg—f >~ CP3,
by trivialising the Twistor Distribution 4 = Aaé);%’ spanned by & = ¢ = 9. — \J,, and
01 = m = Oy — A03. As already mentioned in a previous footnote, alternatively, we could have
also defined P = % with 6, = ué‘ax%, imposing alternative incident relations A\* = pgaz®®. In
this case, the dual Twistor Distribution spans totally-null SD planes, called S-planes, generated
by ¢ and m, where 30 =/{ =05 — A0y, 01 = m = Oy — AJ,. The same construction that we
worked out in the last sections can be repeated in the alternative case, showing a correspondence
between ASDYM instantons solutions and holomorphic vector bundles over the alternatively-
defined twistor space PT.

5 Strategy for Reconstruction of the Gauge Field

In this final section, we work out a strategy for the reconstruction of the GL(N,C)-gauge field. The
main tool that simplifies the problem here is a result from complex analysis.

Theorem 5.1 (Birkhoff-Grothendieck). A rank N holomorphic vector bundle E — CP is isomorphic

to the direct sum of line bundles®
N

@O(mi), (5.1)

for some integers m;.

Let Uy and U; be a open covering of any twistor line X = CP! such that Ao # 0 and A\; # 0 on the
respective open set. The transition map between the coordinates is defined on UyNU; = C* as A = %)
The patching matrix can therefore be written through holomorphic frames H : Uy — GL(N,C) and
H:U; — GL(N,C) as ¢ = H diag(A™™,...,A"™N) H~1,

In the context of the Ward correspondence, we require triviality along twistor lines, which implies that
the patching matrix is such that v = H1H = H1H, that is

Ely 2 0%N 0= 0(0). (5.2)
The patching matrix v is well-defined on lines inside PT. Therefore, d51 = 0:

A%t = A [(awﬁ) H' s FI@adH_l} —0 & X\ (aadﬁf) H'= XA H™.  (5.3)

This gives an object which is of homogeneous weight +1 and holomorphic; by Liouville theorem we

deduce . .
N H 006 H = =X\ (OaaH™ ') H = X*H 100 H = \*Aga(z). (5.4)

By contracting with \? 88 , we find
05 Ama + A%LAN =0 & [Dd(a, D

W} =0 & cypFap=0, (5.5)

8 A line bundle is simply a vector bundle such that the rank is N = 1.
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which is the SDYM condition. We have shown that H and H are in the kernel of the Lax pair as
defined in Equation , that is:

LoH = XDosH = X\ (8i + Aac)H = 66 H

LaH = N Dos H = \*(Ong + Ang ) H = 5 H

H ' (64H)H = 0; (5.6)
jige (&-ﬁ) =0 (5.7)

In practice, to recover the SDYM gauge field Ang from the holomorphic frames H and H we can

evaluate Eq. 5.4 for \* = (é) and \* = <(1)) .

Once again, we could have carried out the mirrored procedure considering lines in PT. Therefore,

Sa¢ =0:

1 Dnat) = & [(amﬁ) H'+ ﬁaadﬂfl} —0 & u <8adlff) H'= S HOH™L.  (5.8)

This gives an object which is of homogeneous weight +1 and holomorphic; by Liouville theorem we

deduce o } . _ A
pH 006 H = —p® (OaeH ) H = pn“H 006 H = 1%Ana (). (5.9)

By contracting with MB 8?, we find

05 Ana + A% Aza =0 & [Da(d, DW} =0 & caply; =0, (5.10)

which is the ASDYM condition. We have shown that H and H are in the kernel of the Lax pair as
defined in Equation , that is:

LoH = 118 Dos H = 1% (0ne + Ava)H = 0, H + H 1 (6,H) H = 0; (5.11)
z 1 = 1% (Oae + Aaa) H = 6o H + H™ <5aﬁ) H=0. (5.12)

To conclude, in practice, to recover the ASDYM gauge field A from the holomorphic frames H and

(03 (03
H we can evaluate Eq. 5.9 for p& = <(1)> and p® = <(1)> .

5.1 An Example: ASD GL(1,C) solutions

If we consider § = GL(1,C), we have that E is a line bundle such that ¢;(E) = 0, as E|y = O
for any twistor line. The patching matrix is nowhere vanishing, therefore ¢ = el and we can also
parametrise the nowhere vanishing holomorphic frames H = e", H = ", with f = h — h, where f,h, h
are holomorphic functions of homogeneous degree 0.

Consider the gauge degree of freedom [i] € CP!, and some F = f%(x - A\, \)d\g € Hg’l (PT,0) and for
any point on CP! we can choose the rescaling appropriately so that only one component on fd\g is
nonvanishing and fix it to be f. Since F|y~cpt € Hg’l (X,0) = @, there is a unique splitting

_ 1 {Ad)
2mi Jp (Ap) (ip)

o o T 1 <>‘Z> La o«
f (@aap® p%) (pdp),  h=5— fo(xwp %) (pdp) . (5.13)

where I',T" C C are such that T' — T is enclosing p = A\. Imposing incident relation Ong = paOs in Eq.

5.4, one finds that
A = 1 f lo 8f(madpa7pa)
2mi Jp (pi) op

(pdp) (5.14)
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Since GL(1,C) is Abelian, the equations A,s obeys are linear. We are after the ASDYM solutions;
therefore, Eq. 5.14 is nothing but the instance of the Penrose Transform for A = 1, that is an
isomorphism between the set of all helicity h € Z/2 solutions of the linearised zero-rest-mass fields
equations on Mg and Hg’l (PT,O(2h — 2)). More information on the Penrose Transform can be found
in |2].

In the non-Abelian case, the Ward Correspondence constructions is sensitive to non linear part of the
equation of motions and Bianchi identity, while the Penrose Transform is not. In almost all the cases,
an holomorphic frame H(x,\) such that, for any twistor line X, it holomorphically trivialises the
deformation to the complex structure given by the a gauge field, i.e. H=1(z,\)o (5 + a) !X oH(z,\) =
5} «» can be found. The hard part of finding YM instantons solutions via Ward Correspondence is
exactly identifying the correct holomorphic frame. Some ansatz have been found, e.g. see [4] by Ward.
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