


Donation dinings

Goals : 1) Def
.

of X = SpeeB given
T (B/k

,
B)

2) Def ofhousing . X given
H'(X

, Ix

tangent sh.
Ret

.

Let X be a scheme overk
,

let A-Artin Ring/R
Deformation of X over A is a pair of
-

a scheme X
,

flat over
,

i :X X'
:

ixk : X -> X
*
k -

isomorphism.

Det . X1
,

2
1
and X2

,
22

- 2 def
.

of X
.

(in) ~ (X2
,
2) if Fisof : X1 - X2 :

XeEeXz
commutes

.

i

finescheme
e-algebra

Det .
of Speck over D = k[x]/(x2) - D-algebra



B-flat over D with homom-m B' B:

Bak-> B

B-flat (= > 0 -B-B -> 0
-N

ideal : B = 0 I
(2

,
2)

0 - (x)-> D -k + 0

Bu Bok flat ,

Bole)
B

Mgeneral :

A-ring , B-A-algebra ,

M-B-module

Det
.

Exansion of B by M as A-algebras

is exact
sequence

:

0 -> M ->B -> B --0

Def
.

Let is' and B" - be 2 extension of B

& M
,

we
say
B'-B" if If : B'> B"-iso :

0 -> M -> B' - B -> 0
id ↓ fl id ↓

0 -> M -> B" -> B -> 0

triv extaktion B' = MOB



Theorem :
-

Equir .
classes of extensionsof B by Mas

A-algebras in 1-to-1 correspondance with

elements of TP (B/A
,

M)
.

Proof : Allen
, ...,

pen] ->B

We have[c]-> B-swej.

y
=

3 Yi3-with
the same indes as generators

of M
.

I

B extension of B =>

Suej ·

f :Ata
,y]-> B

o
-> (y) -> Atay] -> Atx]

-> 0

d fd ↓

0 -> M - B -- B - 0

d ↓
↓

O O
O

↳a classify quotients
of Atay

2) for a given
B how

many
dif

. Ways two

present it as a quotient of Atey



&

o +

-
0

d

o -> (y) -> Atay] -> Atx] -> 0
d & ↓

0 - M - B - B-0

↓ d
↓

I

↓O

O

splits
#

def
.

I'c> def . UC
Hom (1

,

M) = Hom(I/2 ,

M)
~

Now using
thm 4

.

5 consider

A : Atrey]
-> B def . I : A [x]->B

313 homogeneous
under action of

Dera (A [x]
,M)

= G &3 - also homogeneous
.



A-> A[x] ->B

= Der (Atx] ,
M)

3
.5 A -> B -> C

A

To (Ate ] /A
,
M) -> Hom

T% B/A
,
M) ->

F

->T(B/A[R]
,
M)-

I
->T1/C/B

,
M) ->

->T (B/A[x]
,M)-
-> ↑ 1(C/A

,
M)->T" (BIAM

-

>T (B/A
,
MJ-> 3

.

6

-T (AL]/
,
M) To(B/A

, m) =DerB,M
Il

3.7 B
= Ate]

O

↑: (BIA
,

M)=0
,

i = 1
,

2

3
.8 A B

,
I-ver

I ↑P (B/A
,
M) =HOME/? M)

Dera(A[x] ,
M) Es Hom(/I ?M)->+Y(B/A

,
M)

↓

O

T (B/A
,
M) = Hom (1/2,M) /Imf

Collary : K-field
, B-k-algebra

& Det of B overD3> YetB
,

M)]



Nausing schemes
-

There
a

using sheeme/n

Getof
X

y Ge
.
of HX

.I]
tag
e

Roof :

let X-be def . of X
,

H = (vi)-ane
covering

Over
every

Ni def
.

UI is trivial =>

Di
: HiDV

Consider Hij = li eUj

Mij-yjoYi-automorphism of
MinD

3

on
BjcH(ij ,

[x)

Mijk we get Dij + Ojn + Ori
= 0

PrioPjro Pij =
id

= Dij-1-Lech cocycle



Pij=
U:

if we replace uj
with

uj
we

get Hij-yjodi

= Dij = Pij-(j-xi) ,

X:Hi

=> Bij e Fl (Mij ,
Ex)

and in our cose it is the same as

M

normal. H.

Example :

1) X = pr n = 1 => H1(D" , [pn) = 0

2) Curre C
, g(c)? 2

H ([c) dual 110(e)

1(D)

-

D) =dugD
D = 2k

2(2g - 2)

((2k) = ng - n - g + 1 = 39
-

3


