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Deformation TheoryI

Let h = in be a field D = UTt]KE) finite n-ely
.

with maximal ideal
M = <t)
. As a scheme,

Spec D consists of a unique point
.

Fact
. TxX = 4 Y : D-X

,
Y(D) = X 3

.

[Idea :

· D-point is a choice of a K-point of X

and a tangent direction at x 1"infinitesimal

neighborhood")
.

91 .

More on flatness

Recall
.

A ring ,

M an A-mod. Thereore

tractors Tor i(M
,
-) S

.

t
.

for any 5. e
.
s 0-N+N-

No

there is a 1
.
e . s

A

...

- To rc(M
,
r") -> Ta t (M

,
N+ Tor

,
(M

,
N)

A

-> To rs (M ,
N") -To r(M

,

N -> To  ( M
,
N) + ToMNYto

with To r (M, N) =
M@AN

Remark. Note that

M is flat overA NA-mod
,

ToM
,
N1 = 0

Lemmo 2
.
1. M mod

over A noetherion is flet

=> To r(M
,
1/p) = 0 & D-SperA .



Prop . 2
.

2
.
If A - A orjective morphion of noeth.

ring
.

With Karnes J s .

t

. J = 0
,
then

M is flat over A iff

(1) M = M'o'A flat over A

(2)
MOAJ

-> M' inertie

I

Proof .
Since Ja=

/

J is on A/TYA-mod

and M&AJ
= (M' **'A)@1J = M'@A/AOAJ)

= M'@AJ
.

Assume M' is flat over A ! 1) is bare change -

For 6) take 0-J+ A'+ A -> 0

-> 0 -

lg ->
MA + MaA + 0

↑

MAT
M

is exact
.

Suppose M1 and 2) are true. By Lemma 2
. 1

we can preve To r t(M ! Al F pleSpecAl.

- is vilpotent as J & P1
,

take P:= /JeSpec A ,

then



the following has exactour and columns

ii
0 - j + p +

1
-> 0

Il
↓ ↓

I

0 -j - A + A
-> 0

↓ ↓

A '/p' ->A/p

↓
b⑧

then doing a M
O

Ta Ta

↓ ↓

To rJM'
,
Ap) -> To  m, [p)

MPAJ ↓ ↓ MOAP1

~
M'x15 - map' - map -> 0

II f ↓ "W I M

M'Qx'A -> 0⑮5+> m -

↓ ↓

M'xA( + M*+A/p
-> 0

T

↓ M
&Alp ↓

O O



Using solle lemma in the rectangle

⑤

ne Keng + werh + court
-> collers -> couch

verg
:

Fore
*
(M' , Alp')

,

Keh = To
,
(M

,
Alp)

-> Tor
,
A'(M'

, Alsp1)
= Te rSM

,

Alp) O

I

82. Deformations over D

X will be a schine
,
yaX closed orbach.

1lef .

A def. of y over D is a closed sbscheme

Y'EXXnD
,

flet over Do.t. Y'Xpk =

Y ,

i. e
.,

fopen) = Y = Yx>R
-> Speak

↓, ↓
f

Y -> SpocD

Locheme- theoretic fiber over a -point

[There are the structured morphismo UCD
.

D = R.

a
+ bt r a) (rea . modes

.

)

Affine core : X = Spec with B a K-elg
,

Y = SpecBlI
,

XXnD = SpecB' with

B' : = BQuD = Bit] / (t2)
·

We want to find I'd B' St
.

B'I' is flat

over D and (B'/l) @pk = BlI
·



Remark. Note that there is a
map

Y : B' = BIt]/t => B /reduction mod to

a + bt 2>
a

that induces B'/tB' = B
,

and lost condition is equivalent

to
say that image of

I'CB' in B is
I

.

By Prop
.

2
.

2 and since B is flat over R

(free because r is a field)
,

BI flat over D

is equivalent to the injectivity of the
map

( take A = D
,

A = R
,

M =

BII
,

M1 = BYI
,

j = < t))

B1v(B/I) Qu(t)
-> B'I'

,

botr> th

So B'I' being flat over D is equivalent to the exactness

of 0 -> B1== Bl + B/I -> 0

73'/l') /t(B'/l) = (B' I')E D/(t)- /B'/l') @Dk = Bll

Take I such idea
,

then there is a diagram

O

iP I ↓

0
-> I * I -> I -0

↓ ↓ ↓

0 + By B -> B - 0

↓ ↓
0 - B/1 = Bl -> B/I- 0

↓ ↓ ↓

⑧ O O



columns are exact
,
and exactness of bottom now implies

exactness of top row 19-limmal
.

Prop.

2
.
3

.

Give I' : B' o
.

t
.
B' I' flot over D and

B/ l' *DK
= B/I is equivalent to 4 Homp(I ,

B/I)
·

Proof . Note that B' = BotB
,

so B' is

naturally a B-mod. For such or ideal I, take

XI and a lift X't I'
,

and note that x= x + ty

for some
y

B
.

If X
,

X"are two lifte
,

then

x - x" = t(y - y() + I - y
- ycI(fetnes of B'I')

.

This defines a morphism U : I
-> BlI

,

X + [4].

Now
,

take ye Homb(I, BlI)
,

and

l = (x + +y)x + I
, y

= B
, y = Y(x) in BlIY

.

It is direct to check this is an ideal
,

that image

in B is I and

Xt

0 -> I -> [ -> 1 -> 0

is exact
.



"Going" these arguments ,
we can obtain a

global statement.

Thm 2
.
4

.

X ech . /K
,
YIX closed . Def . of Y /D in X

.

are in correspondence with H%Y
,
Ny(x).

Corollary 2
.

5
. If X
:Pr

, tangent space of Hilbot sch
.

at [Y] H is isomorphic to HoY
, Ny(x) ·

Proof
.
Tiy]H = 8 : D -> H

,

HD1 = [43) ·

-

= (y' = XD closed flat et.

univ
. prop. y xyx

= Y4
of It

= Ho (Y ,Ny(x)

93 . Deformations of line bundles and coh
.

Shearer/D

Def
.

Let F=Lh(X)
,

Xch
. /K. A deformation

of X
over D is a coh

. sheet 5' on

X = XXnD
,

flet over D
,

S
.

t

. FopK = F
.

(Here
,
Fopl means :

*

5' where : X> X)
.

We
say

two defs . F
,

Ed of F over D are

I

equir. If Fie E S .

t

.

Fipk= opt
commute

↓
F



Prop.

(1) Fromorphism closser of G'on X10
.

t

.

200x = G Kame or GDK) are given by H'X
,

0x

(2) Eg . classes of def . of FID is in

correspondence with Ext"(F
,

5)
.

corollary .

E-> X "b
.,

then defi of are given

by H1X
,

EndE)
.

~
End E

Proof .

Ext (2
,
8) = Ext(0x

,
52) = H(X

,Enda)

Example .

We know that everyvb on R is

C = DO pilai) for some aiex
.

In port. every

ranc 2
,

deg
.

O V.

b
.

is of the form

OlalOta)
,

at 7. However
,
for E = P(y00(-1)

we can notice that

and (2) = 95 = 10(1)001 -1))
*2

~ 0(2)000201-2)

~ H'llP ! Enda) = HLlD"
,

0 +2)) = C
,

so there exists a 1-dim. family of deformations

of E over D
.

A non-trivial def . conresponds

to a non-split extension

0
- 01-1) -> Et =010-a) -> 011) -> 0



Te l l i ng coh
. 2

O ~
K = O

0- HO(0Fl -> Ho (0(01)Ho(0fe))
+ H90(1)) -> H 10 (1))

O

-> H (Pal)H101-al) +

H14 + 0

~ n

°

(0(0)) + 2001 -

ell
= 2

↓" (0(a) =

41100 - 2) = 0 we a + 40
,
14

-
+ = 000

.

Section 3. T: functors

construction
.

Let A
,
Brings with A-B morphism,

Mo B-mod
.

We will define some functors

TilB/A
,
M) for i = 0

,

1
,

2
.

Take R = A[x] for a set of vers
.

X = Axi)
,

then there is an exact
requence

0 - I - R -> B -> 0

for some ideal I
.

Choose also F a free

R-mod with j
:
FI

,
Q := Kerj ,

then

j

0 + 9 - F
-> 1 -> 0

Now
,
define

Fo
= Gorbmod

. of F

emereted by)
"Kool relationsa

j(a)b-ilbla for



·

By def . i (Fo) = 0 i
.

e
., Fo &

.

We will
S

define a complex of B-modules

↳ (n -
L

with this information,

Take 12
: &/Fo and note L is a B-mod

.

Proof
.

Let x I
,

& &
,

then X = j(X)
,

x F

&

and Xa = j(xYa = xila) mod Fo.

"

Now
,
define 1 =

FORB
= FORRII

= FlIF

and d2 : L + L
,

induced by

& -> F -> IF

Finally , define

L
= 2 p/A *RB

,

where Zila in the mod
. Of re. diff

,

defined or

&
RIA

= (drlV = R) freet-mod)
diver = dredr

& dirri = vdr'+ v'dr I
d (a) = 0

,

0 = A

with a mir. morphism

d : R + &R/A

- dr



Note that there is an induced map
4 :

(
:= FlIF-III

and on exact requence

S
I/I2 + &RIAORB r &BIA

- O

rudra1

to
,

we define do : = 804 : L + 10
.

Remark
.

d
, de (q + Fo) = dr (9 + IF) = 0

j(f) = 0

Thus
,

LaL to is a complex of
B-mode.

Remark. L
= FORB free B-mod.

Lo
=

@R/A * B free B-mod (since R = A[x])
.

Def .

For Mc B-Med
,

we define

T
:

(BIA
,
M) = hi(Homb (1

., M)

Explicitely
,

Lef L
,

&
Lo induces

Homp(42
,

1) Hom
,

M) Homis)(o, M)
Id f

gaz El S

Then
,

TOBIA
,
M) = Ker di

T (BIA
,

M) = Kad/Ind

Th (BIA
,
M) = Homp((2 ,

M) / Inde
*

Claim
.

The modules T
:

are independents of the

Choice of F and R.



Properties derived from the construction.

(1) For A
+ B

,
Mc B-Mod,

di

L
: F/IF -> Ill

,

↳ - 20
+

& BlA
-> 0

exact

Taking Homp)-
,
M) we have

Hamp ,

Mj Hom(0
,
M)= Hamblabla

,

M)= o

12

Dan (B , M)

=> To(B/A
,
M) = Homp(BIA

,

M)

In particular ,

TO (B/A
,
B) =

Hampl@BlA
,

B) =:

TBH

"the tangent mod
. of B over A

"

(2) If B
= A[x]

,

take R =
B

,

I = 0
,

F = 0
,

50 = h
= 0 > T = 0 fori = 1

,

2
,

FM
.

13) Suppose f
: A -> B is orjective ,

I = Kart
.

Ther,

TOLBIA
,
M) = 0 and TP(BIA

,
M) = HomplIII"

,
M) UM.

Indeed
,
take R = A =>

Lo = eA/A * B = 0 = To = 0
.

* 0 + a
- F + 1 + 0 give

IE
T

& &AB -> FOAB
-> l@AB -> O

↑
a + /Fo => @@AB (9/F

: ) @A BE alto

Then
,

9aB + 1
-> [15 + 0

↓
(2=

/Fo



gives us

d d

Homp(4
,

M) < Homp)4 ,
M) < Homp(I/E

,

M1= O

T1/B/A
,
M) = Kerd/Emd=

Homb)[/I? ,
M

!

(4) By construction
,
TIBIA-) : B-mod

-> B-d is

a covariant additive functor
,
and if

O + M+ M + M"+O is exact
, then there is a 1

.
2

.

5

0 -> TO(BIA
, MT -> TO (BIA

,
m) - To JBIA

,

Mis

-> TJB/A
,
M1)- TY(BIA

,

M1 -1 TY(BIA
,
M

"
-> T

&

JBA
,
Mil -> TV IBIA

,
M) -> T2 /BIA

,

M
.

Thm
.

If A
-> B -> C

are rings
,

Mt C- med
,

then

there is an exact requence

0 -> T
°

(C/B
, M) -> T

°

(CA
,
m) + ToJBIA

,

MS

-> T/B
.
M) - T" (C/A

,

M) - TY (BIA
,
M)

-> T2(4B
,
M) -> T

-

/CA
,
M) -> T2 /BIA

,
M1

.

Corollary
. Suppose

A = KIX
,

,
. .

.,
X]

,

B : All
.

Then
,

↓ M
,

the sequence

O- TO(B/K
,
M) + Hom(2Alr

,

M) - Hom/I/I ?, M) -> T(Blc
,

M +> 0

is exact and Th(BIA
,

M) =
T2 (BIK

,

M)
.



Proof
.

1- A + B indices the exact requence
n)

B) ~ Hom(fem,
M)

0+ +o(A, M) + + BI , M)
-> T & Alk , MI

- T (BIA
,
m) -> +1(BIr

,
M) - TTirM

BF Hom(I/E?, M)
2

- T (BIA
,
M) -> + (B/r

,
M) - TYAm

⑱


