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81 .

Artin rings

Now
,

we will consider "higher-order" defi
.,
which

are defi. over arbitrary rings.

Def .

A small extension is a exact requence

0 -> j---> 0

where C
,

C' one local outin ringo
, CIMc = R

and McJ
= 0
.

In part.
,

J is R-rector
space,

and since J"= 0
,

J is a C-module.

We
say this extension is split if it is isomorphic

to JOC
,

i
.

e
.,

there is a diagram

JC

0 -
+
1
-Y- 0

-
>-

Example.

8
-> < t") -

> uIt)/(th
+

-

-> kIt]/t") -> 0

Notice that for n
= 1

,

the
requence splits :

0 -> (t) + k[t]((t) + k
-> 0



Theorem. Every loca Artin K-olg can be obtained

by small extensions starting from K
.

In

particular
,
every orjection C-> C is a

composition of extensions.

This theorem gives
the following idea : if we

here a structure 5 Locheme
,
sheet

, etc) over

C
,

for -C
,

we try to classify defs .

/2

5t restricts to the original one.

82 . Deformations

Recall
.

For Xoch
. /K

,

a def over
an Artin

ring C is a scheme X flot over Crit.

X XXcK
.

We will try to understand defermations over

the ring An = kIt]/ <+"
+

1) lifting from An = D
.

Situation. Take a small extension

0 + j + c -> c - 0

Consider X a def- of Xo,
Yo : To a closed

orbscheme and YX a closed subicheme s
.

t

.

YXcK
=
Yo .

Now
,

we consider Xa def. of
I

X over C'
,

i
.

e
.,

X' Hot over C'e
.

t
. XX C =X

We aim to classify y'X' closed which.

I

flot over C's .

t
. Y =

Y XCC.



The sitration is like the following diagram

%04 Y -D j

f ↓ f

Xo4y
x

↓ ↓

k ->
c
- C

Def. LetG be a
group acting on a set 5.

We say s
is a G-torser if 7 Go es

that 6- 5
,
gre 9

. % is a bijection .
-

is a predatorio if we allow 5 = 0
.

Thm
.

In the previous situation :

(a) Extensions of Y over C'in X' is a

predatorio under the action of

H %%, Ny,/xo * J)
.

(b) If there is a load extension over C ! there

is an
obstruction a H"(Yo

, No J)
that

vanishes iff there is a globe deformation y !

Sketch of the proof.

(a) Affine care : X = SpecA
,

X1 =

SpecA ,

Y
: SpecB = Spec All .



Situation

O
O O

↓ ↓ ↓
I

0 - JQI
-

> I
-> -> 0

↓ ↓ I
0 + JacA - A + A - 0

↓ ↓ ↓

I

0 + Ja
, B

+ B
- B -> 0

↓ ↓ ↓

O 0
O

we went to find B' and I' !!

(4) Exactness of bottom and middle rows are

efrivelent to flatness of B' . A' over c.

[+ 1) Left column is exact because of the

flatness of B over C
.

Idea : to give I!I" fitting in the diaquen

is the same or giving YeHoma(l, Jac B)
,

then theersociation of (I
,
4) - In defines

a group action of HomI , Jo, B) on

the set of ideas I



Notice that

Homa (I , J@cB)
- HomALl

,
JorBol

JacB1 (Jonk)@cB = JQp(kocB) JOrBo

Yo : Spec Ao/Io

Ao A

Loca to global : HomadIo ,
JonBo) -> Ho

, Nyox * 5)

(b) Suppose 7 TV i) on
open office covering

of X St
. there exists X; def. of Y1U:

in Vi : = U
,

X
,
C'X'. On Vij = VieU;

we have two extensions Y: Vij and Y; &Vij.

By ja) this defines dij HoVii , Noo * J)
,

and

over Wisk there are three defi . Yi
,
Yi

,
Ye

defining Xij
, Xjn ,

Xin H% Vij
,
No * J)

that satisfies in
:

dij + Xju .

Moreover
,

if y:
"is another set of defs

,

Yi
,

Y:"

define Bi - HOU :, NoXo
* J) and notice

that hij =

dij
+

Bj-Bi -1 this defines

2 H"(Yo,
Noj) depending just on Y.



Then we can see a = 0 iff 7 y'global def
.

If y' exists
,

take Y:: Y'nVi
,

so
:

= 0

~ < = 0
. If a

= 0 inI 140
,
Nyxo & J)

,

then Xii
:

Di-B ; for some
bi H+ Vi

, Mox
* 5)
.

Take y :

"

def corresponding to be on U: (i.e.,

modify Y : to Y : ")
,

then
,

notice that in

Vij differences are

↓ j
=

dij
+ Bj -

Bi
= 0 ⑱

Example. Let to be a smooth
proj surface

and

Yo a curve 5.t
. You

P" and Yo--1. Then

we know Nyo/Xo = 0l-1)

-> Ho /Yo
,
Myolo) = H "Jo, Myo/Xo)

= 0

and there no obstruction to lift deformations.

lIdee : we can blow-down the curve and

more the base point .)

Corollary
.

Let y be closed sbech of X = IP

5 .
t

.

H1)Y
, Ny(x)

= 0
.

Then
,

Hilbert scheme

is non-singular at [Y].


