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Seminor on Deformation Theory
Motivation. Consider a field K = E

,
and a curve

C:I of deg < = d
,

i. e
.,

C = V(A) for some

polynomial f(x, Y
,
2) = Roxd +... + and

,
ei=K ,

n = (d(2) - 1
.

If we consider a = [00, ...,
an] -Ph,

there is a variety 4 ::xip" given by
aoxd +... + an2d = 0 S

.
F

.
the projection Pr : ->Ph

gives a one-to-one correspondence between degree

a curver and points in IP" .

Usually ,
geometric objects come in familier that

we can parameterize by a scheme
,

i.
.
e.,

there is a morphism f : x -> T it
.

We want

to understand his fibers /local study of peremeter
spaces)

.

O or gool is to understand fibers of
a morphism around a given bose point.

Using deformation techniques we can study the

following families of objects :

- Subschemer of a fixed scheme X.

-Coherent sheeves on a fixed scheme X.
- Deformations of abstract of schemes.

Question. What wind of morphisms A : X-> T are

a goodmotion of a family ?



81 .

Flat morphism.

History. Introduced by J. P. Serve in his paper

GAOA to explain the relation between the local
rings Ox

,x
(elgebraic) and 1x

, x (analytic) ·

Def .
Let A be a ring ,

Ma A-mod. M

is flat over A if the fructed

M@1- : A-md-A-md
,

Ni MQAN

is left exact
,

i. e.,

0 -> N + N -> N3 + 0 exact

=> of MAN.
-> MON-MAN -O exact

.

If 8 : A-> B is a ring morphism,
we say B is

flat over A if it is flat or on A-module.

Proposition.

(1) Mc A-med is flat= F If A f . g
.,

IQAM -> M is injective·

(2) Bare change : if Me A-med is flat
,
f : A -> B

ring marphion
,

M &AB is a flat B-module.

1) Transitivity : B flat A-alg
,

N flat B-mod
,

then N is a flot A-mod.

M) Localization : Me A-mod is flat> Mp is

flat over Ap
,
F peSpecA,



15) 0 -> M1 -> M -> M"-> O exact
,
thes

(2) M
,

M" flat -> M flat
(b) M

,

M" flat => M' flat .

16) If A is a noeth. local ring ,
M + . g .

A-mod,
thenM flat> M free ·

Def .

Let 7 : X -> Y be a morphism of schemes,

E on Ox-mod. We say I is flat over X

at xeX is Ex is a Het Dy
,
f(x)

- mod.

Trie the natural map It : 0y,
a(x

-> 0x
,

x)
F is flet over y if it is flet Fx - X.
X is flat ever y if Ox is flot ever y.

Example. X noeth
.
Scheme

,
FEChIX), the

F is flat over X=> F is loc
.
free

Prop .

Let X
, Y ech. of fin . type IK.

A : x -Y flet.
Let y

= f(x)
,

XeX. Then

dimx(Xy) = dimxX-dimy Y

Example. 9 : * -> X blow-up of smooth subver
.

on

X smooth. ThenE is not flat .

Remark. The properties of irreducibility and reducedness

are not preserved in flat families.



(Note : Over PID
,
flot> torsion-free

For example ,

consider the flat family

Speck[x , Y, t]) (ty- XY)

f((
Speck [t]
#

We can see that &"10) = Speak [x
,Y]Kx)

,

which is

non-reduced
.

Also, in the family

SpecK[X,
y

, t]/ < xy-t) We have that

↓ Xa is irred for of o

Xo = X I components
SpeckIt]

92 . Hilbert polynomial

Let v be a field
,

X proj . scheme/R
,
0x(1) on

ample line bundle. Then,

m => X(X
,

0x (m))

is polynomial of degree n = dimx
,

i
. e

.,
7 ! PeQIt)

of degp = dimX S .
t

.
P(m) = X(X

, 0x(m) F meX
.

Remark .
Ox(1) emple => H'SX , 0x(m)) = 0 & maso ,

↓ i so
,

so for maso
,
P(m) = HoX

,
0x(m))

.

We call P the Hilbert polynomial of X w. r
i
t

. Ox (1).



Example .

111 C : I smooth curve of genus g and

degree d ,
by RR theorem

↓ (c
, 0c(m)) = 40(wc 00

,
)n)) + deg(0c(m)) -

g + 1

For m > 29-2:(c , 0 (m)) = dm-g + 1

~> P(t) = dt - g + 1
.

(2) Hd = IP" hypersurface

0 -> 0 ,pul - Ha) -> Opn -> OHd -> O
- Ol-d)

-> P(t) = (t(4) - (t - +

3) .

Theorem
.

LetT be an integra noeth
. Sch . X = PI

closed subscheme
.
Pt Hilbert pol .

of X+= Priests.
Then

,

X is flat over Tiff Pt is independent of to

Proof .

We will prove the following :

# For any coherent shead F in X = 1PI
,

the

Hilbert polynomial of Ft :: Fix +
en Xt = Pain is

independent of to

If we prove t
,

we will obtain the result
,

since

for i : X> IPI closed embedding,

we can take

F = isOx
,

notice that

H
°

(X
,
0x(m)) = H

·

(
,
F(m)

and also Px(m) = no(Xt
,
Oxtsmi) for msso .



This
,

we can assrme X = IPY and consider F = Ch(IPY1.
Moreover

,
question is local on T

,
so we consider

T = SpecIA ,
m) with A local noeth. ring.

We claim that the following assections are equivalent :

(i) F flat over
T

.
(ii) HoX

,
F(m)) free A-mod of fin .

rank f m >so .

(iii) Pe Hilbert pol . of Xt is indep of to
standard

/

(i) => (i) Yech coh : Hi(X
,
F(m)) = h (M

,
Fsm)))

covering

F flet implies (SU
, F(m)) in a flot A-modsa)

↓

and Hi(X
,
F(m)) = 0 for iso

,
maso leve's vanishing,

Hathorne
,

Thm
.

III
.

5
.

2). This means there is on

exact sequence

· - Ho(X
, F(m)) -> Co(M

,
F(m)) + ...

+

CMSml)-- ↑
flat

coring is

finite

Breaking into several 5
. e

.
5

.

We see that

HOSX , F(m)) .

Since HoX
,
F(m)) is E . % .

end flot

A-mod
,

is free of finite rank.
directoum is flat

&

(ii) = (i) S = A[Xo
, . . .,
Xu]

,

M= H°(X
,
F(m))

m>, Mo

with mosso e
.

f. HoX
,
51m)) are free

,
then

5 M and F is flat over A.

# Use localization property.



(ii)(iii) We will prove that

Pelm) = rRHOX
,
Fsm)) for mo

Take to T corresponding to peSpecA, T = SpecAp-T.
Consider the base change under T-> T

,
we are

reduced to the case in which to T closed point.

Denote the Fiber X+ by Xo
,
Fo by Fo and we

have vitl = 1 / flatness is preserved under base changel.

Take a presentation of Rover A :

Af - A + k +0(

Taking the associated sheaf and tensoring by 5

We obtain

59 -> 5 -> Fo + 0

Ym o

-> H*(X
,

F(m)) -> Ho(X
,
F(m)) -> Ho(Xo

·
Folm)) -> 0

↑
(Hertshorne Ex

.
111

.

5
. 10)

On the other hand
, tensoring by Ho(X

, F(m)),
we obtain

Ho(X
,
F(m)(

*
-> H

%

X
,
F(m) -> H * X

,
F(m))* k -> O

~ H
*

(Xo
, Folm)) = H

°

<X
,

F (m)) @Al V mo

~ t ET
,
Hoe

,
Fi(m)) = H

°

(X
,
F(m)) @AK Fmc O

(iii) = (ii) Take to T closed
,
MeT generic .

Then
,

note that

H% X
, F(m)) @nK = H % Xm

, Fn (m)) = H
%

Xe
,
F+ (m))

~ H%X
,
F(m) @AK



Thus
,
(ii) follows from the following lemma.

Lemmo (Hertshorne 11
.

8
.9) .

A .m) noeth .

local domain
,
AlmEK ,

K = Fr(k) ·

If M is f . g. A-mod
,

dima (MQAU) = dim (MoAk) : r

-M = Ar

Corollary .
dim Xt = degPt

,

Pa(Xe) = 1-1)"(P10)-11
and deg /Xt) = Ul /lead , coeft of Pe) are constart

in flet families.

Theorem
.

Let f : X-> Y be a proper morphism of
Sch

. /K .

Asorme Y is regular ,
X is Cohen-Macaulay,

dim Xy = dimX-dimY Vy => & is flat.

9 3
.

Hilbert schemes

We would like to describe families of closed
srbschemes of a given scheme.

Theorem
.

Leta be a field
,

Y = X = Ih be a

closed subscheme.

a) 7 It proj .

scheme parameterizing closed subschees

of X with some Hilbert pol . Par Y. and

= We XX It a univered obscheme, flat over

It st .
the fibers of over closed points

he It are all closed orbschemer of X with
Hilbert pol . P.

Further more, It is universa : ifT isony scheme,

W = XX T is a closed orbscheme flotover
T

,

whose fibers are closed obschemes of y with

Hilbert pol .

P
,

then 5 ! T -> H St
.
W = WXHT·



(b) If ye H corresponds to Y=X,

TyHWHO)y,
My(x)

,

where Nyx = Horn) Iy/ Ey ,
Oyl

is the normal sheat of Y in X.

(2) If Y is a 1
. 2 ; and HLY

, Ny(x) = 0,

It is smooth at y of dim
.

4% Y
, Nylx).

(d) If Y is I
. C

.

i
, dimpt > noLY

, Ny(x) - WLY
, Ny(x) .

Idea of (a).

lorbschemes of IPh4 -> &rubspaces of KIXo, . .

.,
Xu]

(i) Replace RHS by finite-dim .

Grossmannian
,

(ii) Image is a subvariety.

Let's talk about (i). Take If the ideal
sheef of Y = IPh

,

i .
e.,

0 + [y + Opn + Dy + 0

Thm
.

- PeQIt]
,

J NIP/E I S
.
t

. if I ? Op
hos Hilbert pol . P

, then FU > NJP)

(a) hi(lP"
,
I(n)) = 0 Fi < 1

(b) I l globally generated
1) HOP"

,
I (n)) @ HoIP"

, 0(1) = HOP"
,
[In+ 11)

Take N = NJP)
,
then HolP"

, FyN)) EHOY Oph(N/)
determines y ,

since I because of 161)

&
y
/N) = im 10pu@HOSP"

, Fy/N)) -> Opr@HOIP", Ope(N1) OprINs)



Thro
,

N work Vy P with Hilbert pol . D,

50 for Q(N) = 40 (PY
,
Iy(N)) there is on injective

map

Sorbohemerofwith Gra , hOY

Examples .
(1) Hilb"(X) = X.

(2) Hild" (x *+2/2) = Hilb"(X/5) XoZ


