
Exercises (chapter· Subchapter.

exercise #) .

=> # . 2 .7) If S is an abitrary
6 set

,
show [S]ETL[*]

·

· We know Ma=M for

- a splits over ⑦ ie.
.

(MOMYbmodleMHardera
Mo

We have that ThS Splits as

ILS
So (S)oFALSin EACL since

every
basis element in I

orbits

is identified under G*TLSi.

Proposition 2 .4) Let X be a free t-complex and let Y :=0

Then Cx(X)a = (x(Y)

=> I .
2

.2
. ) Show we can relax "free" in

the above.

The G-action on an free G-complex freely permites the cells . So
,

the

G action on S := En-cells of 13 is free
.

We then get an isomorphism
of (TLS)a with <En-cells of Y3 = AXL for each n.

orbits

of n-celg

in X
.

The above shows theauction need not be free
, just a discrete action

on aSet.

Note that in the proof of Prop.

2
.
4

.
we use a

trick to make G& En-cells

a permutation. Cn(x) is generated by eiented n-cells in X
,

but since

an orbit of n-cells is just a

copy
of G (by free action) ,

we can choose

an orientation on this orbit of cells so that G outs by 6-5

for generators (n -cell) 6.S't Cu(X). In principle,
it is possible

that some get
acts as 823-0

,

if we were to choose the orientation

of 6' in such a

way
.

In this case
,

there is more data than just

a permutation on the B-cells
,

so we can't use I . 2 .
7 . directly



Suppose that Gasting on an orbit of n-cells has a non-trivial stabiliser.

i .c.
#

ge Stab(6) 7 373· If gacted on 5 such that on the boundary
it was a degree - 1 Map $,

then
I

would be a non-trivial automorphism

on the fector of TL corr to 6 in Cu(X) (the automorphism 1-1)
.

Otherwise
,

we have an action who's data on cells is just a permutation,
so

we use I
. 2

.

7.

A: If G is an action which does not have cell inversions. 1. e.

if (6535 => deg (g
: $2-> $"") =1)

,
then

prop
.

2
. 4 holds

- II .
2 .3. If HXG and M a G-module.

a) Show I action Of ArMH .
in M+ is a H module.

Define GHEgH ·

m + In =

gm
+ In were It is the ideal

generated by Shm-m/ TheH ,
meH

. 3.

We have ght =

Hug
= high because It is normal

.

So ghH . (m+ [H) = hgHom+ In) = hym-Lym-gm) +In

= gH
- (m+ [H)

I

So
,

thecation is well defined. It is un action by GAM

being
an

action.

b) Show MG (MH)of

Elements of(MJO are (m + [H) +

If where IG

is the ideal generated by SgHo(m+ In) - (M+[H) Her gHE
and o is as above

.

We have

gHolm
+ In)

- (m+ [H) = (gm -m) + In. So Im is generated
by M+ In where m'EKer (M -> Ma) .



Therefore the
map

m+To> (m+ [n) + Ion is

1)well defined (ym-m +In 20 =>

gm
+Itxign

+[0) .

2) An injection

It is

clearly surjective.

-> #
.

3
. 1

Let Egis---, gn3 -G all pairwise
commute.

Let z = & (gSig([yousl ... / gons] -> Cn(6) ·

6t3n"
k Syn gp

ona letters."

Show JCE) = 0 (E a cycle) ·

i = 0 S
[gel

...

Ign] i = 0

2=
ti)" di where digil

-

(gn]
=

Eg. l . -

Igigiti)gn]
oixn

[g . l ... (gn-1] i= n .

let * # 59 .

,
. .

-, gu3
· Define [* 1x, 1 ... (xn] = [x , 1 . . . (an]

[x , . . . .(2) * (xi+1) . . . (n] = [x ,
) ...xit ..... / *] and

[x , 1 ... (xnl * ] = [x , 1 ... (an-1]
.

Let So,g , . . ., jn3 be such that go=* i =

gi
for sin.

Then we observe ([gil ... 1gn]
= & Sign) [Gtic , ... , grn]

↑ EJ

where J := S(0,1)
,
10,2)

,
...

,
(0,n)3 Su

, "Syn -

gp
.

on no letters

So Je = S S Sign(t) Sign(6) [isco .
...

, grocus]
TtJ G +3n



=Sign(t)[g-I

=SignLy(Eg
, ... as a

Now supposeItJr
is St

.

/) = 0 with oxin.

Them := (i- i+1)
is st.

& gycos ...., Yyli- , Yysis, Yylit) s ... , ycns] =

& gycos .... , Yyliy , - ,Yylitis ... , Y ycns] =

[ gylos, ..., gyliggli ..Yy()] = (since The
g

: painise

commute) .

[gylo ,
...,ylig), . . .g()] =

& glo , ..., Yyliggsity,
...

(a)] =

[guls . ..., Yyli-1)
, Yysi),Yulit), . . . gyns] ·

Surthermore
, sign(y)

=

-Signlys ,
so Rese terry cancel

in the sum.

We firs pairs
of

cancelling
terms also when

y(0)
= o

or

n(n)
= 0.



-> I
.
6

.

1 Let Y be a path
connected space.

IfY has contractible universal cover X
,
with

deck
grow

G
,

show Ha(i) =H+(6).

X is the universal cover
for Y and GBX freely

Consider the singular chain 2 . (Sing(X)
,
where

Ci(x) is generated by
62 : A-X.

There is
a

G-action Gr
goon

.

The Chain
Maps

of (Sirg(x) involve these di maps

2 :: (g"- x) -> (An x) [v, ,
. .

. ,n-1)[N . . .

,

,
... ,-]

6- > 60( "B) position
i

and the Graction
is compatible with

Jose G
:, ie

, g
. 8: 6 = 8: go

.

So
,
the ChiT(X) are freeG modules and Since

***, (Sig(x) is a free resolution ofTh over

76
.

Then the usual
argumen
t..

As a TG-module
,

C(X) is generated by G orbits

of
n-simplices.

(Sing(x) Eight . So (Cing()
The

covering map p
: X-> Y inlaces a

map

PA
: (ing(x) -> (2(i) 6 poor

and px(g
. 5) =

pogon
= pogr

= px(6Y

&sig
is

aG-Module
Morphin if
i

a



(P*) c : ((Sirg(x))0 -> (sing(Y)) a = (sig(4)

is an iso if we
compare

bases. So

H (6) = He ((Sig(x)a) = H= ((Sig(x)) = Hx(Y) -

7) Amalgamated
Products

.

Amalgamation diagram e Grp .

A G2 G is the amalgamated product

2, / ↓2

G G
, to Ge iff this

W
- diagram is a pushout

46↓
-> G, * G2Fi Ge
-

2, (2) =
(2(a)

Usually zi
,

22 injective.
fatA .

So A is a

subgroup
of

G, a G2
.

Van-Kampen (for CW-complexes)·

Y X2 All
maps

cellular
,

X= X
. U

,
X2

↓ & Then T
. (x) = +

. (x) ++,(4)
H

, (x2)
X

,
-X

watio reasons ie. make all the above space

KCT
, 1)s

,

with correct fundamental
groups.



Lemna (7) : If G , ↓2 injective => +, 82 injective·

Lear (2) : het i : X↳ X be an inclusion of

cur-complexes St. ix : T. (x) -> #
, (x) is injective .

Let p
:*-> X be a universal cover of X

,

the each connected
component

of

connected
,

i

.

e
.

is a universal
corex)is simply

Proof .
Let I be a connected component

of

P"(X') . Then we
have

-1

T, (Ei')> #
,
(*) So it up top

horotopy lifting is also injective,

prop. > Peis PL ↓ Pr SoT,
(x) = 1

.

ective
iny

+(x)+, (x)

2
,

lemmen : We can realise G
,

-Atte in

k(1s. i. e. Ek)s . X,- YX2

By⑫
22⑳i Had cells

killing
h

a



Now we construct X = X , U Xz

By Van-Kampen
#

. (x)=. (x) UC).(x2)
(as required)

het
p
:-X be uni. cover.

T(Y) -> T
,
(x) ,

so by
lemmer(2) p"(Y) has come. comp.

which are

uni covers for Y
,

Also
, by tem . (1) #

, (xi)
<> H

.
(x)

,
so similarly

p"(Xi) has corn . comp .

uni covers for Xi

Choose corn component so we have

-

-*E
mi cover

2

zni

covers
I 7 Since Y

,
X
,
we are kitt)s

↳ -

we have
X

, - X

Hi(5) = Hi (Fi) = 0 for iso

Mu

Sego
~

· - > He(r) ->Hz(z)Hz(*) -> Hz(E) ->

&
H

, (i) - ...

=> Hi(E) = 0 for all 170

!

S X is a k(
,
1) for G

,
*AG2

= iT
. (x)
*(i)

T
, (x2)

So
applying

MV tothese Kalls
,

we get a



a MV
sequence

in

group homology.

-

-> He (A) -> Hn(G,) H- (G2) - Hu(G)-> Hn
+ (A)+ ....

HandigCohortefficients

MORN is defined wherever MEModi & NERMod

Want mecrs)n = m(rs)@n = (Mr)son = mrosu

= mer(sn) = ma(rs)n .

if the prod =>

me(rs)n = (rs)men = r(sm)en = Smorn = mo(sr)n X.

EMON) .

Recall M&N is MUuron =
morn

for
group

actions
,

we can avoid having
to consider L/R modules

Since L GAM is also a the M & G

by precomposing
with
y
the arti-automorphism greg

So if M
,

Nove two left G-modules
,

we can make

sense of MOON (denoted MOON)

MON
i

Mogen-magn
= Mgmogn

(bewave typo !)

So MeaN = (MENJa where G&MeN
diagonally

So... MQoN NO M



We also define
an action of 6 on Hom (M,N)

where
(gn) (m)

: =

g
. u (gM)
.

ASK GROUP ABOUTPRECEDING PARAGRAPH.

If
gu

= u (=7
g

. x(g'm) = u(m) FreeMfg

#> u(g"m) =

g
u(m) () v = Home (M,N) .

So
Homa (M,N) = Hom(M,N) denotes fixed points .

->

Defining Hx(G
, M) < H

*

(6, M) .

Let f be a

proj
resolution of I over TLG.

M a Gmodule. Define
homology

~/ coefficients in M

H* (G,M) := He (f*M)

Where fooM looks like

fn, Did
M

-- FrOMFrM ...
(Not necessarily

exant! )

ForM can also be thought of as a tensor

product of chain complexes
where

Mo
M = =. 0 ->0 -> M-30

But
,
this is old

, seeing
as

F is aprojective resolution of

T
,

and M (as above) is just a chain c. (overG)

What if we demanded also a projective resolution of M
,

i
.
e.

some
1

: P-M and :f -> XL and set

Ha (G, m) = Hx(P)



This is a equivalent definition to

H* (G,M) := He (f*M)

because Id@ 7
: FRAP -> FeaM is a weak

equin.

(Book uses FOR instead of Ideon)

Also
, 20 Idp : fOcP-> TQrP is a weak

equi.

Thus He (G,m) = Hx (PG) ·

We can now computeHo /G,M)

Using F
,
-> Fo -> -> 0 & iexactness

of
-

*OM

=> FiOaM -> foOM
-> TOoM-> 0 exact

"

=> Ho (G,
M) = No

NB
. He denotes horology

of

FoaM -> foM
-> 0 -> 0

(i . e . not reduced
homology).


