
-HEBBDG DECOMPOSITION THEOREM

STRATIFICATION OF ALG
.

MAPS

·

algebraic map
f : X-Y can be stratified ; - algebraic Whitney stratification X of X

and Y of Y s ... given any component of -stratum one has
:

(2) +"(S) is a union of connected components
of strate of X

,
each of which

is mapped submersively to S
by

f ;
every

fibre fly) of f is stratified by its

intersection wh the strate of X.

(b) For every point yeS ,

7 Euclidean neighbourhood U of
y

in S and a stratum-

-

preserving
homeo h : Uxf"(y)

-> f(U) s ... flecusoh is the projection to U

·

cpx alg . varieties and
map can becompactified

DELIGNE'S DECOMPOSITION THM

Thm9 . 3 . 3 [Deligue] .

Let f : X - ↑ be a smooth projective map of
<px alg .

manifolds. Then

R*x=DCRf(FiJeD

and the local
systems RifxQx = S(Rf

*QX) are semisimple on Y.

↳
every fibre of is a nonsingulam cpx proj · variety

# 9 .
3

.
5. Let f : X-Y be a smooth projective map

of
<px alg. manifolds. Then,

#
*

(X
,
Q)
=

H
*

"(Y : RifxQx)

=>

Leray spectral sequence

EPq = HPLY ; R
&

fyQX) = HP(X
,

Qu
degenerates

on E2-page

-M1-SMALLMAPS (spose-

f : X-Y
proper sunjective ,

X
nonsingular

and pure-dime

· fix a stratification Y = W
,

Sx of Y
,

let syeSx be
any

of its
points

· f(Sx) -> Sx is topologically locally trivial fibration = fibres of f over S have constant dim

Def*9
. 3 .

7. The defect of Semi-smallness R(f) off is defined by

m(f) = max/2dimaf"(sx) + dimeSx-dim ,
X3 = 0.

The
map

f is called Semi-small if R(f) = 0 C=S for
every

1
, dim,Sx + Idim

,
f"(sx) = dime X.

A stratum Sx of Y is called relevant if dimpSx
+ 2dimpf"(sx) =

dime X.

A semi-small
map

with no relevant strate of
positive codimension is called small.



↳
surjective maps

between
cox surfaces are always semi-small

1.
projective birational

maps
from a holomorphic symplectic housingular variety

Pop 9
.
3

. 13
.

Let f : X-Y be a small
map ,

with X nonsingular of
cpx

dim n
.

Let KEY be the nonsingular

dense
open

subset over which f is a covering map
.

Then

RfxQx[n] = [Cy(2)

where C is the local
system (fxQX)In

.

Con 9 .3 .
14

.

If f : X + Y is a small resolution
,

then
-

RfxQx [dim
,
X] =

IC .

In particular,

IH
*

(4
,
Q) = H

*

2X
,

Q)

↳ if
they

exist
,

small resolutions are not necessarily unique ; if Y has several small resolutions,

their cohomologies are isomorphic as
group ,

but not always as Rings
(i .e . there is no natural

product on intersection cohomology)

Prop 9
.
3 .18. . Let f : X - Y be a

proper surjective map ,
with X nonsingular of

pure
X dim n

.
Then,

Rfx(Qx[n)) ( my
=

m(f)(4)
-

my
=

m(f)(4)
.

i

.e . MH: (Rfx(Qy[n])) = 0 for if [-r(f)
,

r2f)]
.

=> if f semi-small
,

then Rfx(Qy[n]) < Per (Y)
.

·

let S be a relevant stratum of f
,

seS and define

Lg := (Rh-dime
x)ls = Is local system on

S Cf is proper

↳ I2j(s) is a semisimple perverse
sheaf

Th9 .
3

.
20

. Let fixtY be a

proper surjective
samismall

map w/X nonsingular of
pure

dim n .
Let y

be a

Whitney stratification of Y
W . M.

t . which f is stratified
,

denote by YrLY the set of

relevant strate of f
.

There is a canonical isomorphism in Perr (4),

RfxQx[n] =

N2°CRfxQx[n])Is

ECOMPOSITIONTHEOREM

ThE9 .
3

.25 [BBDG]
·

Let f : x ->Y be a

proper mep
of

cyx alg . varieties
,

with X
pure-dimensional

.

Then
,



(i) there is a (non-canonical) isomorphism in D&(Y)

Rfx[Cx
=

GNHi (RExI(x)[-i] i

(ii) each WiCRfx[(x) is semisimple in Clearly)
,

hence

~ x (fx[2x)
=
I(is


