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0) The Moduli Space of
Flat Connections

dif .
The module space of that

connections on C is

McCG) :
= E flat G-connections on C3/gaugetrafo .

hom(tr(c) ,G) G.

Recall : For a(flat) connection N=d+A and a cureUCC,

din . holuD = PexAEG
.



· M
,

(G) is generally not a
smooth manifold but

there is a dense
, open

Smooth lows M2(2) (Mc(G).



·
We shall restrict our attention to the sublocus

r% (G ,
)
of feat connections

whose

holonomy
around

puncture p; is contained within the conjugacy
class Oi.

~
I >

pr)c0: Per;(a
, )

Recall : a conjugacy clare for G
is the orbit of an

element gEG
under conjugation,

O(g) := [hght : neG3 .
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1) Spectral networks

Let 1 :<T
*
C be a branched K-fold cover ,

:
[K

: 1

> C .

-

K sheets [
U3

For convenience
, fix a system of

E*
branch cuts trivialising the cove

[.
# *

C

Pr Pr

⑨ ⑧

For a curve &CC ,
we denote by

11

*x x

V
:
the lift

to sheet i of
E.

↓ 2 Nu

⑧·

Du P3

C



Fix a phase OEI/254·

difn . A curve VCC is said to be an ij-trajectory if

- iO

C S <*X EIRzo where Viji
= Vi-Uj

Vij

and XcM(T
*

C
,
T
*

T
*

C) is the Lionel one-form -

(in local coordinates ,

x = ydx)

(related to Morse theory , exact WRB)



Y

·

-X

An ij-trajectory is
said to be critical if it terminates

on a branch point. We
orient all critical trajectories

away
from branch points.

The collection
of
all branch points , critical trajectories , labels,

and orientations is called a spectral network
W(S , 0).



Some simple examples :

-28 28

-
· ·~
or

2

C = 1P' /E = 1
,
0
,
1
,
23

c
=
1Py[0 , 1 , 0] k= 2

k = 2



[HN20]

= 1P1903

k =3



2) Abelianisation

Fix a rank K vector bundle E-C .

Then
,

Mc(GL(E)) = M, (GL(k))
-

Likewise
, fora line bundle L-[,

Ms(GL(L)) =M(((
*

) .

For a choice of
a spectral network W

,
we din. A

B A

W-abelianisationmap Tw : M
,

(GL(k) Mq(KX) .



Sketch
of
construction :

N

·

Every connected component
(in CW is contractible.

Also
,
n

*

(2) = Y ...
r (K copies) ·

-



· We
may
find a local eigenbasis [Si\ forEv for

the

- -

GL(k) - connection , NSi
= diQSi

,

for i= r , ...
K and DEM

,
(GL(K) .

We interpret S; as being
the generator ofL

+ (2)

on the ith sheet. 15

Note that there is a freedom

C (-to rescale SitIsi



· To consistently difn
.
This on all

of
C
,
we require

that across an ij-trajectory ,
↓ 0 * G

01 0 0

Sir > Si = SitCijsj , 00 p O

SK1 > Su = Se
,
K
i

. 00 0 1

forK
=4

,
and

Y a 13-trajectory

(Sr , ... Si , ...,Sk) (Sr , ... Sitcijsj ,
... Sk)

vij

· This ensures that L/a+(2)
extends to all of

L
.
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3) Spectral coordinates

For DEM* (GL(k))
,
let Dab : = Nw (D) ·

For reHr([;)
,
we find interesting

nos.

*
v

: = holy Dab EKY .

· They are garge invariant !

· They are multiplicative fre .
on Mc (GL(K) , i .e.

XvXj = Xu+ri for
V

,

rHi([ ;2) ·

· They also satisfy *



If we fix a set of generator Sri]
for Hr (5 ; <),

the the fre . Xi : = Xv: din .
Coordinate

an Mc(GL(k) .

These are called spectral coordinate . They uniquely

characteris DEM* (GL(k)) in the local patch

u (aL(k)) <Mc (GL(k)) ·

· Corollary : dimM , (GL(KI) = dimH([ ; ()
*
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Example : For K= 2
,
and the network shown below .

-

We will compute Xy for
Was below.

6 2 2
-

&
12

A

21 # *
v

8

m
#

21

.
↳ j -h

⑨

Y

21 ⑧ Z



Example : For K= 2
,
and the network shown below .

We pick an eigubasis [S , t3 in each patch.

6 2 (S3 ,ts) -

⑨

&
12

2N (S2 ,+2) * (Sy ,tu)

(Sr .
t) m

#

(S5 ,

ti)

·

or (soits)
ga

21

21 ⑧



Crossing the 20-trajectory from region I to
2
,

Si > Si = Si.

to > ti = tr + cSi-
6 2 -

⑨

&
12

2N (S2 ,+2)

mmm
(srt)

21

ot it -h

Y
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Crossing the 20-trajectory from region I to
2
,

Si > Si = Si .

to > ti = tr + cSi-
6 2 -

⑨

&
12

2N (S2 ,+2)
Rescale S = Su

mmm
(srt)

=> ti
= Aratz

,
JizF0 .

We evaluate
ot it -h

21

Y

Xiz =
tinsi

=
tinsi

.

21 ⑧

tznSp tz1S2



We continue this until we arrive back in regionI

J23
=

Ensu
,

Sus, 6 2 (S3 ,ts) -

&
12

2N (S2 ,+2) * (Sy ,tu)
m

/su = 1
,
ty = th (srt)

(S5 ,

ti)

Ju5 = thSu
,
Su
= S5

,

·

or (soits) -h

21

t5155 Y

21 ⑧

656
= t5nS5 S5 = So

,

and

3

to NSG

46 = 1
,
to = tr .



Going
around v , we see

that

to > Arti

where
Ar =

Dundasdandasdisdor

= (Ens Eng,s SiSus)

By definition of holonomy , this is

the Spectral coordinate Xv
= Pr .



2) More applications

1. The inverse
non-abelianisation map

#

↑T : y((X) My (GL(r))
.

2. Compute knot invariants

3 . Compute global , analytic
solutions to Schrodinger

equations on arbitrary
Riemann surfaces

4 .
Compute BPS invariants in certain supersymmetre

theories.



Thank
you for your

attention !


