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1 ISOLATED SURFACE SINGULARITIES

germ of function
f- :(¢90 ) > (AO)

w/ critical pt at 0

The algebraic variety
Vlf) :={ ZEE

"

: fcz1=0} <

is singular at 0
.
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1 ISOLATED SURFACE SINGULARITIES

germ of function
f- :(690 ) > (E) 0)

w/ critical pt at 0

Simple surface singularities were classified by ARNOLD

A : As
, -12,1-3 , . . . e.g. singularity of type De :

D : Da
,
Ds ,D6 , . . . flz,w) = 2-

e- '

+ zw?

E : Eo
,

Et
,

E-8
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1 ISOLATED SURFACE SINGULARITIES

A DEFORMATION / UNFOLDING Is a germ

F :( e' ✗ Ice
,

O ) → (E
,

O)

w/ F /
¢2 ✗ {03=7 .
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1 ISOLATED SURFACE SINGULARITIES

A DEFORMATION / UNFOLDING is a germ

F :( e' ✗ Ice
,

O ) > (E
,

O)

PARAMETER r w/ F / ¢2 ✗ {0}
= f.

SPACE

•

We denote 17W,a) Ethel , FE : = F /¢2 ✗ { }
.
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1 ISOLATED SURFACE SINGULARITIES

A DEFORMATION / UNFOLDING Is a germ

F :( E' ✗ Ice
, O ) > (E

,
O)

w/ F / g- ✗ {03=7 .

We denote (2-149) -cÑ ✗ Cle
, Fe := Flee ✗ {a} .

↑
CRITICAL SPACE

cries :=vta⇒)
%

.

JACOBIAN

( 8¥ ,¥w > IDEAL
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1 ISOLATED SURFACE SINGULARITIES

KODAIRA - SPENCER Tee_ ① [2-149]
g-(F)MAP

%aµ ↳ 8%+54=1
✓

JACOBIAN

RING
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1 ISOLATED SURFACE SINGULARITIES

KODAIRA - SPENCER T¢ʰ → € [Z,W, ]
MAP J(F)

%aµ ↳ Fan + JCF)

F is UNIVERSAL if any other deformation can be obtained from it

by a morphism .
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1 ISOLATED SURFACE SINGULARITIES

KODAIRA - SPENCER T¢ʰ → € [Z,W, ]
MAP J(F)

%aµ - 8% /
cries

F is UNIVERSAL if any other deformation can be obtained from it

by a morphism .

F is MINNERSAL if it is universal and l is minimal
.
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1 ISOLATED SURFACE SINGULARITIES

KODAIRA - SPENCER Tee- EEZ,w, ]

MAP J(F)

%aµ - 8% /
cries

F is MINNERSAL if it is universal and l is minimal
.

THM F MINIVERSAL ⇔ To Ice
① EZ'w%( f)
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1 ISOLATED SURFACE SINGULARITIES

THM F MINIVERSAL ⇔ To Ice → EH'w%f)
so : for a given basis &

, , . . . , Ole of £↳w%(f)
.

Flz,w, a) = flz ,w) + ask.CZ/w)t...tae&el2-,w )

is a minimal deformation
.

Notice that ∅µ=¥µ .
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1 ISOLATED SURFACE SINGULARITIES

e. g. type De :

f- (Z
,
W) = 2-

e-'

+ zw}

ICE,%fz,fw,
admits basis { 2-?_? . . .

,
2-
,
I,w] .

Hence
, a minivenal deformation is given by :

Flz,w, a) = 2-
e-'
+ 2-W't azzl-2 + . . . + Ae-1 + dew .



-
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1 ISOLATED SURFACE SINGULARITIES

RMK If Fis minivers.ae
,

the Kodaira- Spencer map gives an

isomorphism of V. S
.

at each pt in Ice :

tace
-

> ICEZTW]
J(F )

> Fq : = F / ¢2 ✗ {a} .
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1 ISOLATED SURFACE SINGULARITIES

RMK If Fis minivers.ae
,

the Kodaira- Spencer map gives an

isomorphism of V. S
.

at each pt in Ice :

tace
~

> ICE 'w]

J(F )

IDEA ENDOW TICE W/ A MULTIPLICATION by requiringthat these

maps
be isomorphisms of rings .
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1 ISOLATED SURFACE SINGULARITIES

FROBENIUS MANIFOLD

That is
,

a complex manifold M equipped w/

① a commutative
,
associative product ◦ : 7cm ④

on
#m- km .

② a symm, non
- deg .

bilinear form 1 : 7cm ④0m7cm > 0m
.

③ two distinguished holomorphic V.F. e
,

E c- *MIMI .

satisfying compatibility conditions .
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1 ISOLATED SURFACE SINGULARITIES

A FROBENIUS MANIFOLD
a complex manifold M equipped w/

① a commutative
,
associative product ◦ : 7cm ④0m7cm→ km

.

② a symm, non
- deg .

bilinear form 1 : 7cm ④0m7cm > 0m
.

③ two distinguished holomorphic V.F. e
,

E c- Ximlm) .

satisfying compatibility conditions
, including flatness and o- compatibility of y,

e being the IDENTITY of 0 .

21×09,2-1=419, ✗◦ 7) <
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1 ISOLATED SURFACE SINGULARITIES

T④ The bilinear form on Tc l:

(Saito)

11Eur , :D :=IResx{:÷¥a. "¥¥-}
xECr(F)

is flat, non
- degenerate and compatible with 0

.
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1 ISOLATED SURFACE SINGULARITIES

THM The bilinear form on Tee:

(Saito)

11Eur ,# := -2 Res.c{%÷¥a."}Fz Fw
xECr(F)

is flat
,
non- degenerate and compatible with 0

.

✓

GROTHENDIECK'S

RESIDUES
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1 ISOLATED SURFACE SINGULARITIES

E ( EULER V.F.) gives
"

homogeneity
"

of the structure
.

For ADE singularities :

F ! grading of EEZ,w] making f homogeneous of degree h .

Ae : h = EH
,

De : h = 21 e- 1)
,

EG : h = 12
,

Et : h = 18
,

Eg : h = 30 .
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1 ISOLATED SURFACE SINGULARITIES

E ( EULER V.F.) gives
"

homogeneity
"

of the structure
.

For ADE singularities :

F ! grading of ① FEW] making f homogeneous of degree h .

This extends uniquely to a grading of Etz,w, ] making the deformation

homogeneous of degree h .

E : = ¥ £ Hegan) an
d-

damµ⇒



g

1 ISOLATED SURFACE SINGULARITIES

e.
g. for a singularity of type De:

fcz,w) = 2-
e-'
+ zw2 C- ①Et,w]

,
h=2(e-c)

.

⇒ degz=2 , degw=2le - 2) .



g

1 ISOLATED SURFACE SINGULARITIES

e.
g. for a singularity of type De:

fcz,w) = 2-
e-'
+ zw2 C- ①Et

,
w]

,
h=2(e-1)

.

⇒ degz=2 , degw = l-2
.

Flz,w) = 2-
e-'
+ ZWZ + as 2-

e-2
+ . _

. + Ae_ , + Aew E ① (Z
,
W
, G]

degan = -2 , degaz -_ 4 , . . .

, degae-1=24-1)
, degae=L

.

e-I

E- =e÷¥µaµ
≥

oaµᵗÉae¥ae .
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1 ISOLATED SURFACE SINGULARITIES

Associated to any Frobenius manifold there is a solution § to the
WITTEN-DIJKGRAAF-VERUNDE-VERLWDE EQUATIONS

.

(WDW) ✓

PREPOTENTIAL
or

FREE ENERGY
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1 ISOLATED SURFACE SINGULARITIES

Associated to any Frobenius manifold there is a solution § to the
WITTEN-DIJKGRAAF-VERUNDE-VERLWDE EQUATIONS

.

"

(WDW)

In a system of FLAT COORDINATES t1
,
- -

,
te for 2

H¥m¥)ee <
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1 ISOLATED SURFACE SINGULARITIES

Associated to any
Frobenius manifold there is a solution § to

the WITTEN-DIJKGRAAF-VERUNDE-VERLWDE EQUATIONS
.

(WDW)

In a system of FLAT COORDINATES t1
,
- -

, tie for 2 :

e e

◦ E. =¥c%¥. > ot%¥Tt
,

:=

4.%.

0 ASSOCIATIVE ⇔ § SOLVES WDVV EQUATIONS
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1 ISOLATED SURFACE SINGULARITIES

0 ASSOCIATIVE ⇔ § SOLVES WDVV EQUATIONS

Homogeneity of the structure ⇔ § is homogeneous .

FOR ADE SINGULARITIES :

One can find feat coordinates so that ETI] ± Eta] and degtu = degan

☒ (E) C- CITI] homogeneous of degree 21h + 1) .
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2 LANDAU- GINZBURG MODELS

Constructions of Frobenius manifolds generalizing ADE singularities .

An LG- MODEL is a pair (X,w)
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2 LANDAU- GINZBURG MODELS

Constructions of Frobenius manifolds generalizing ADE singularities .

An LG- MODEL is a pair (X,W)

① X -is a family of meromorphic functions on a Riemann

surface of fixed genus g w/ prescribed pole structure .

> LG SUPERPOTENTIAL
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2 LANDAU- GINZBURG MODELS

Constructions of Frobenius manifolds generalizing Saito theory .

An LG- MODEL is a pair (X,W)

① X -is a family of meromorphic functions on a Riemann

surface of fixed genus g w/ prescribed pole structure .

② w is a family of meromorphic differentials on the same

curve
, satisfying some admissibility conditions

.

I

>
PRIMARY DIFFERENTIAL/FORM



÷
÷._I

"

••

p

MoD

SPACE • g

÷: 7gXp
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2 LANDAU- GINZBURG MODELS

The metric and multiplication are defined by :

MAY ) : = I Resx { ✗G) YIN# }
.

2CECr(7)

clay ,z) := I Resx{ ✗A) YA) 2- (a) ¥}
✗EGG)

= y( ✗ ◦ Y
,
Z) .



14
2 LANDAU- GINZBURG MODELS

e.g. LG MODEL for ADE singularities :

{
Fz=o

What matters are the critical points :
Fw = 0
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2 LANDAU- GINZBURG MODELS

e.g. LG MODEL for ADE singularities :

Fz=0
What matters are the critical points : { E. ⇒

G- (E) :={ Iz,w) Eci : Fwlz,w, a-7=0 }

This defines CF ↳ Ctxcl
.

Let 1 :=F/q= so that Xz=Fz on CF .
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•

☆

""

•
• 12

i
≥
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2 LANDAU- GINZBURG MODELS

e.g. SINGULARITY OF TYPE D:

FIZ ,w) = 2-
e-'
+ 2-W't ait

"

t - - -

tae-itaew.tw
= 27W tae
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2 LANDAU- GINZBURG MODELS

e.G. SINGULARITY OF TYPE De :

Fft ,w) = 2-
"
+ 2-W't ait

"

t - - - tae-itaew
.

Fw = 27W tae

⇒ Nz) = 2-
e-' taitt? - - - + aey

- Izak

FAMILY OF MEROMORPHIC FUNCTIONS ON Pʰ

W/ POLES AT D AND O
.
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3 FLAT F-MANIFOLDS

that is a complex manifold M equipped w/

1) an associative
,

commutative product ◦ : 7cm ④0m7cm → 7cm
.

e) a flat affine connection
.

3) a global identity V.F. ee 7cm (M) .

satisfying compatibility conditions .
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3 FLAT F- MANIFOLDS

That is a complex manifold M equipped w/

1) an associative
,

commutative product 0 : In ④0m7cm→ 7cm
.

e) a flat affine connection
.

3) a global identity e E 2-mcm)
.

satisfying compatibility conditions .

A VECTOR (PRE) POTENTIAL OIET.fm (U) can still be defined locally
so that

,
in flat coordinates ta

,
. . ..tn for :

¥
,

◦¥ = É% ¥
,

> É✗_:=c✗µ
✗= , dtudtu
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3 FLAT F- MANIFOLDS

A VECTOR (PRE) POTENTIAL OIET.fm/U) can still be defined locally
so that

,
in flat coordinates ta

,
. . ,tn for :

n

◦¥ = [% ¥
,

> É✗_:=c✗µ
✗= , dtudtu

0 ASSOCIATIVE ⇔ § SOLVES ORIENTED WDVV

EQUATIONS



17

3 FLAT F- MANIFOLDS

A VECTOR (PRE) POTENTIAL OIET.fm (U) can still be defined locally
so that

,
in flat coordinates ta

,
. . ..tn for :

n

= [% ¥
,

>
É✗_:=c✗µÉµ°É

•= , dtudtu

0 ASSOCIATIVE ⇔ § SOLVES ORIENTED WDVV

EQUATIONS

RMK If Misa Frobenius manifold with
prepotential §

,

then it is an feat F-manifold with vector potential TOI .
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3 ALMOST- FLAT F- MANIFOLDS

An EXTENSION of a Frobenius manifold M is a flat F-manifold
Ñ with a fibration it : Ñ→ M such that :

1 T*p : TPÑ > Tr ip,M is a ring - homomorphism .

2 £ /
a-*+µ

= IT*
.
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3 ALMOST- FLAT F- MANIFOLDS

An EXTENSION of a Frobenius manifold M is a flat F-manifold
Ñ with a fibration it : Ñ→ M such that :

1 Ñ*p : TPÑ→ Titcp)M is a homomorphism of E- algebras .

2 ÑI ,j*Tm=ñ*T .

RMK Kerñ*p is an ideal in TPÑ Vp .
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3 ALMOST- FLAT F- MANIFOLDS

An EXTENSION of a Frobenius manifold M is a flat F-manifold
Ñ with a fibration it : Ñ→ M such that :

1 Ñ*p : TPÑ→ Titcp)M is a homomorphism of E- algebras .

2 Ñ /
a-
*
Tm

= ñ*-V
.

RMK kerñ*p is an ideal in TPÑ Vp .

RMK Flat sections of ☐ lift to flat sections of É
.

⇒ Flat coordinates tis
,
. . ..tn on M can be completed to

flat coordinates tis
,
. . _

,

tn
,
24

,
-
- -jar on Ñ .
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3 ALMOST- FLAT F- MANIFOLDS

The vector potential § on
Ñ can be chosen so that :

☒ = ☐§
,

+ R
1-1

PREPOTENTIAL<
ON M
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3 ALMOST- FLAT F- MANIFOLDS

The vector potential § on
Ñ can be chosen so that :

☒ = ☐ tooth
1-1 1-1

V1 EXTENDED

PREPOTENT/ALL
ON M

KerÑ* (PRE) POTENTIAL

Ñ ASSOCIATIVE ⇔
R SOLVES THE OPEN NDVV

EQUATIONS



3 ALMOST- FLAT F-MANIFOLDS

lAlmeida '25)

THM If a Frobenius manifold admits an LG -model ,
then it has a unique rank- one extension such that :

Ñ
x

Rx = A

↑

¥*u.

"



21
3 ALMOST- FLAT F-MANIFOLDS

e.g. singularity of type De :

✗ (a) = ¥,
x
"""

+¥ and
"-2)

+ .
. . + a e., -¥ ai ,

W = Doc
.

Given a system of flat coordinates tis
,
. . .

,
te for the ADE Frobenius

manifold
,
ta
,
. . ..tn,
x is a system of flat coordinates for the extension and :

Alt
,
a) = ze.ie#x2e-'+ge.ijqaslt)x2e-3t---+ae-ilt-Ixt1zaeltTtklt-)

CONSTANT OF

INTEGRATION

computed to be zero by

Basaeev and Buryask 12022)
.
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4 RANK-TWO EXTENSIONS

Reason why we expect rank- two extensions in the ADE singularity cases :

the LG - model is a restrictionof a polynomial to an algebraic curve in ¢2

n

w

>
2-

µ
,

Éw⇒

ice
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4 RANK-TWO EXTENSIONS

Reasons why we expect rank- two extensions in the ADE singularity cases :

th LG - model is a restrictionof a polynomial to an algebraic curve in ¢2

nw / Fw =0
Does there exist ✗ dz + How2-

Rox
such that (Xdz+Yow) /

↳
= Rdx ?

re ice
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4 RANK-TWO EXTENSIONS

CONJECTURE The structures on the parameter spaces ①
&

of deformations of

ADE singularities admit a unique POLYNOMIAL rank- two

extension to E'× Cle which

a is homogeneous w.tt
.
the induced grading on ① Eziw

,
]
.

b restricts to the known rank- one extension on a suitable

algebraic curve in ¢?



Thank you

for

your attention !


