
MOTIVIC HALL ALGEBRAS AND DT INVARIANTS

·

goal
: introduce Joyce's theory

of motivic Hall elgebras

- translate categorical statements into identities in suitable Hall algebras,

then apply integration maps to get identities with generating
functions

for invariants

1 MOTIVIC INVARIANTS

->

meaning
invariants such that

X (X) = X(Y) + X(u)

where YIX closed subvariety and u = 1/Y

E
. g.

the Eulem characteristic

e (X) = [i("dimHi(X* DLE22

·

Behrend 109 : DT invariants have motivic
properties

M fine projective moduli scheme parametrising stable coherent sheaves on CY3-fold X,

DT (M) = Suyvin1+22 (degree of the virtual fundamental class

=> DT(M) = e(M
,
v)

:=Ein
· e(r"(ul2 where 1. M -> 22 is a constructible

function depending on singularities

of M

2 HALL ALGEBRAS

WARM-UP : FINITARY HALL ALGEBRAS

Suppose o is essentially small abelian s
.

+.

(i)
every object has finitely many subobjects ;

(ii) ExtiCE
,
F) < x E

,
FEA

Eg
.

A = A-mod where A is a f
.
d . algebra overs IFg

Deft. The finitary Hall algebra of A is the set of all complex-valued functions on

iso classes of A

Hall (d) = If : (0b(c)(2)- 43



with convolution
product

(f, * f)(B)
=if

(A) · SBIA) lie
.

O-A-B-BA -

-> associative
, usually non-commutative

,

unital ( = characteristic function do of the zeno object

·

Halley
(A) <Halle (A) is the subalgebra of functions wh finite support

·

for EEA
,

let JetHalley (*) be the characteristic function of iso class of E and

define
Ke

= (Aur(E)) . det Halley
(A)

Lem. For
any objects

A
,
CEA we have

lExt
!

(C
,
A)il

m
*

kc=
s

IHom(C ,
All FB

where Ext(C
, Aly

< Ext(2
,
A) is the subset of extensions whose middle term is isomorphic

to B.

· defineAt Hally (d)
by JalEl = 1 FEEA

· fix Per
,

· SzHally (A),FCE) = /Homy(P,
Ell

- Quot Halley (d)
. QuotCE) = /HomeSP,

E)) where Hom(PE) <Homp(P,
E) is the

subset of
surjective maps

Em
.

There is an identity

=Quot Hall
,

(

# Evaluating for EEd
yields

1 Hour (P
,
E)1
=[Hom(P ,

A1
,

which holds because
every map

f : P-> E factor uniquely through its image.
A

GENERALIDEA

·

different
types

of Hall algebras should be thought of as different
ways to take the

cohomology" of the moduli stack of objects
of an abelian

category
of

Stake A = Coh(X) on smooth projective variety
X

·

consider M the stack of objects of A
,

and M" the stack of short exact
sequences

(a
,
c)

(MMxM =- M (A)

-

map
(a

,
c) is of finite

type ,
but not representable



-

map
b is representable ,

but
only locally finite

type

-

the fibre of (a
,
2) over (A

,

CIEMXM is the quotient stack

[Ex]<C
, A) /Homy (2

,
Al]

-

the fibre of b over BEM is the Quot scheme Quoty (B)

Goal : find suitablee cohomology theory" for our stacks and use (*) to get a product

m
: H

*

(M)@H
*

(M) -> H
*
(M)

i

. e. a Rule that assigns a vector space to each stack s .
t.

(a) for
every morphism of stack f : X-> Y

,
there are functorial

maps

f*: H
*

(Y) -> H
*

(X)
,

fx
: H

*

(x) + H
*

(Y)

whenf is of finite type or representable , respectively

(b) there are functorial Kinneth
maps

H
*

(x)@H
*

(Y) -> H
*

(XXY)

-TIVICHALL ALGEBRA

Deff. The relative Grothedieck
group

K/Sch/S) is the free abelian
group

on the set

of iso classes of S-schemes f X -> S (X is finite
type

over 4) module

M

[x = S] - [YS) + [45]
,

I
this condition ensures that

where YCX closed subscheme and U = X1Y the

group
is not trivial

↳ fibre
product over S

gives a

king
structure

·

if
: S-> T is a map

of schemes
S

=
4x

: ((Sch/s) - K2Sch/T)

[f : X + S]> [yof : X + T]

=

y
*: k(Sch/t) -> k(Sch/S) if a

is finite
type

[g : Y + T) + [gX,
S : Yx

+
S -> S)

and If : X +S]0[g
: Y + T] #

[fxg : XxY + SxT]

Deff. The motivis Hall algebra is the relative Grothedieck
group

Hallmo
+

(a) : = k(S+ /M)

with product



[Y,>M] *[*] = [z@M)
given by

z
=-, M
J

↓ I
Y

,

xY,

*
, u XM

·

an elt of the Hall algebra family of objects of of overe some base stack
,

and the

product
of two families is

given by taking their universal extension

(skew)3MONMAP
from Hallmo(d) into polynomial Rings Lusing integration

of cohomol,
a

class over the moduli space
·

let of be a k-linear abelian
category

and S . + . dimExA ,
B) d FA

,

B

↳ Ensem form : X(
,
-1 : Kold) x Kold) - 22 defined by

X (E,F)
=Eitl" dim Ext(E,

free abelian grep

·

fix a character
map

chi Kold) -> N
,

where N is the chargelattice = of finite mank

satisfying
: · Euler form descends to a bilinear form X( - ) : NXw + 2

- ch(E) is locally constant on families

↳ N = 22
&

= define the
quantum

torus algebra for (
,

- )

K
,
[N]

= G D(+ ) · X
,

with * * xV = +( ,6)
. x4

+y

HEREDITARY CASE (ExtgCE ,
F) = 0 fore is 1)

Lem TReineke7
.

When i is
hereditary ,

there is an algebra homomorphism

I :

Halley (A) - CENTlog1 Iff)=
X

Ch(E)

whose codomain is the quantum torus for [X(-
,
-)

.

·

similar result for motivic case
:

↓

M =

UMa
virtual Poincare invariant

[

I : Hallmo (d) -> KgIN], ICTS + Ma]) = X
,
(S) ·

x
&

CY3 CASE.

A = Coh(X)
,

X
<px projective (Y3-fold me Eulem form is skew-symmetric

Kontsevich-Soibelman
: I : Hallma(A) - K

,
[U] (quantum torus for Eulem form (

-

uses motivic vanishing cycles
?



Bridgeland
: introduce the semi-classical limit of K

,
[N] at += a

=
commutative Poisson algebra

K
,
[N] =

G
. x with x . xU = lim(x** x0) = E

- (6,5)a+ y

+ ->E

3xx03 = lim)****: ( , f)
.x

=> semi-classical limit of motivic Hall algebra Hallsc() which is a commutative

Poisson algebra

=> Is : Hallsc(d) -> Kg[N+
]

Is(is= Mc]) = (e(s)
.x if E = +

-> naive DT invariants

e(S ; +*(f)) ·

X
&

if E = -1 -> actual DT invariants

Th [Toda
, Bridgeland] .

(i) For each BEHz/X
,

22) we have

EPTCR,Lynn
n=12

(ii) This formal
power

series is the Laurent
expansion of a rational function of

y

invariant under y zy"


