
BIG PICTURE

Several topological constructions for a

space
X are

determind by
the homotopy type

of X.

X = Y

H N

in (x)= Tr(Y) Hn(x]=Hn(i) St() =+(Y)

H

X(x) =X(Y)

In 1936 Hurewicz proved the following:

· Prop
18

. (x)=
. (Y) and in()= (Y) =0 #32 then XY.

If we

Say # :=
.
/X)

,

then such
spaces are "Kliti)s".

Hurewicz's theorem tells us that K(T1) spaces up
to homotopy

"are"ut
groups.

This
gives

us an arrow back up

the above
diagram #, (x) = #

, (4)X =Y
.

So
,

all the constructions that are determined by
The homotopy

type
of a space can be modified to be constructions

determined by groups
(if we restrict ourselves to K(1)s).



RINGS & MODULES

I include this only because I have had to remind myself
about

rings
I modules while

receding through
Brown

· Det :

Aringunita,metnecessarily commutative)
is a bea

: ) A unit 1 ER

ii) A bilinear map. : RxR-> R such that

1. r = r EVER (irz) -

rg = r . ( vs) (associative)
.

Bilinear Meary (r .
+ +2) ·

53 = Virg +E. 4

ri . (r+ (3) = r -r + r,z

i.e . a homomorphism ROR-R.

Our
rings

are not
necessarily commutative (r . re r2 . r

,)

I will drop the
""

.

So rs := r . s.

forexamplerig,So
ialthough

,a

· Def

A Clef) module over a

ring
R is an abelian

group
M a a

ring
homomorphism

y
: R -> End(M) .

i
.e

. f
(rs + +) = y(rly(s) + g(t)qf()) = Idu

.

I will write the action off us"." So r . x : = y ()(e) ·

4

The "left part comes from y(rs) =p(r)p(s)
A right module

would have y(rs)
= f (s)f(r).



for example I is a
module over Th (every R is a (free)

module over R).

A more

interesting example
is
T2T is a module over

T (do all multiplication/addition in T then take mod 2)
.

Det

modeloversfreif
t

a

VmeM E ri sit
. m =Eriei &il

& riei = 0 = vi = 0 v,

CitE



REVIEW OF CHAIN COMPLEXES

Let th be a

ring (arbitrary) .
A

graded R module is a seg.

of Rmodules

(Cn)nex .

Atmap
of degree p" is a collection of homes On : Cn-Cred

A "Chain complex"(C,d) over th is a graded Rmodule with a mapd of
degree

- I

such that do
.

We usuallybuit d
in our rotationC is a chain complex "

2

e .

g.
....

47 47

Inz Ins

To such an object we associate the following graded modules.

·

Cycles Z(2) = (Enlnei := (Kerdn)ne
· Boundaries B(2) = (Bn/nt := (In da+ 1) net

·

Homology HJ() = (Hn)nex : =

(Ern(nzx .

Maybe d has degree
+ 1 istead of 1

.

This is really
the same situation

as above under a remapping
of indices In C-n .

Notationallyevery
"Norn" becomes "CoNou" and indices

go
upstairsa

CHAIN MAPS # HOMOTOPIES

A chain mep f: C->C' is a collection of homs (fr : (n->Cilnex
.

such that all the
squares connecte

In+,s In
Ac

Cm-1

S fudnt= due
,
fut

st or fel or feel

C'm
In



Suppose there are two chain
maps & &

g.
A homotopy equivalence

-Eg is a collection of hous (h <n -> (m)nex such that

din
- hm + hadn = fu-go

Cat .

As
In
As Can

hi

fut, got fo In
hat

fr gn
-

-LL

Emi

IfIn fig then we

say
feg
.

· Prop : Usually*

A chair
map f : - > C' induces a map H(f) : H(C) -> H(C)

and H(f) is an isomorphisn if F =

g.

We

=. sayAishoroopy equir
ifa

· Prop :

IfE a homotopy equir 7 :-C then H(f) is an isomorphism.

HOM POINT OF VIEW

Given two chair complexes C4C
,

ne deline anfunction complex" Hom (C
,

2).

The graded modules are all the
degree n hors C-C'

,
so

Hom (C , 2 In
=
T

Hou (Cg , Cq)

The
bourdain operator Dniffor (2,

2)n-> Hom (2,2'lm is defined as

Du(f) = d'f-l-127d



C &9> Cg-

Ac
La & Hom (2

,2)
- 1

fa
D

-,
(f)

q
fq-1

D- (f)q = dq- fy - J-1)"fq- dy
R ↑

is decCq A Life Hom(C
,c)-2 So D2=0.

O-cycles are KerfDo)
=

- ( ,)
.

↑ - Ker (hr> d'h-hd) d'f- Ed (Chainmapcommita b
So

O-cycles are the chain
maps

C-> C.

O-Boundaries are Im(D, I

=

- (1)

& Im (h -d'h + hd) In f= f -0 = dh+ hd

↳ 70
↑

So O-boundaries are themull homotopic chain maps
.

Now consider H
. (tun (2, 2)). This is

Ker(Do Chain Maps ->C

- =

In(Di) Null hom .

-x

which is exactly "Chain maps C+ C'
up to homotopy
.

We use <2, 2]

as rotation for this.

SNAKE LEMMA

· Propi

A short exact seq
of chain complexes gives

a long exact sequence
in

homology
(snake Lemmal

il.
given 0 -> (= Is-> 0-

exact with i
,
it chaic maps. There exists a L

. E
.
S.

-- Hn(()> Hr(L)b Hu(") => Hr-
·

(2) -> ...



MAPPING LONE

Assume Hx((") = 0. Then by the above
,

he would have

Hn((") -> Hu(() -> Hr(c) -> Hu
,
((") =>

! !

Hn(2) = Hr(1)

So
, H*(l") can describe how Hx(L) fails to be isomorphic to

Hy (C) .

The "cokernel" of a chain map f : c ->
C is

47(4) and he require
this to be a chain complex.

On each module we have the exact
say

In
0 -> Cn-C> Loker (in)-> 0

Now we went the following diagram,
which would show that

Loker (f) is a chain complex and It : C-> Loker (f) is a

chain Map . Let " := Coker (fgI Vg
.

E

In+,s In
Ac

Cm-1

Fuel or elf a feel
I

Cmen Ca

int or

m!

I'needing En d na
want

.



By the
universal property of the quatient, we can factor i di

uniquely through th iff

Ker(ii) = Im (fn
+ ) = Ker(indi) (2> indutifu =0)

.

By
the above commuti

square
we have

my

[in dr+ 1) fat = T (du+ifn+ 1) = Th (fudati) = (Infuldax = 0
.

So
yes ,

Im (int) Ker(indn+) !

So if we start off with an inclusion chain
map

i : (1
,

then we can cook up a S
.
E .

S.

0-coker(i) -> 0

and get a corresponding
L . E . S.

using
the snake lemma.

But
,

what if
we just havea

generic
chain map

7.c-> C (not injective) . In this case we want

to construct a chair (A & B Lening :C
->)

S .t. We have
a S

.E .
S.

0 C -> A-> B-> 0
.

We do this

using
the "mapping cone of F :C->.

"

To define this
,

first define the "Suspension of",
&C

to be

(2CIn = c... a
God = -d

The
mapping

cone is delived to be the chain 2 ((", d) where

C"= COSC and d" (2,
2) = (2 + fc

,

- d'c)

i.e. (recall 7:c => )

2n

-
o Im"a (-> &

&

I

Cn -1
Cn- 2 Cn-3



Explicitly :
&"(C Educ + fr

,

-dnc)

We see (d")= o by squering
the matrix.

(9)2ddAd( O 12d')
2 ( = O

Since f&d' = - Ed'$f is a chain
map.

We have a SES . ot2 -> LoEC'-> SC-> 0

and when we apply
the connecting homomorphism from

the snake lemma we find 2 : Hn/5(1) -> Hm
.
(2) is

exactly HCA)n : Cm -> In

(fln-
,

So
,

the L
.
E

.

S.

... Hn((')Hr(2) ->H(LOSC') -> Hu
. (2)+ ...

tells us that H(f) isca isomorphism If is a weak

equivalence) iff H(LDEC) = 0 (2082' is negulic).

·

Prope: 2->C is a

homotopy equiv
.

ill its
mupping

core

COSC' is contractible.

Lastly , we just state the universal craft thi.

· Thm:

Ra PID & Mm R-module. The following are exact :

&
-> An(L)@RM -+ H(C@R M) -> Tor

,
R(Hn(2) ,M) -> 0

ke

0 -> Exte (Hr , (2),M)-> H"(Homm(CM) ->
Hown(Hu(C), 1) -> 0





FREE RESOLUTIONS

Re a

ring
with

identity ,
Ma (left) Rh-Module
.

· Def

A "resolution" of M is an exact
seq .

of R-modules -

- >FzF,> fo >M-> 0

If each Si is free
,

then this
is an "free resolution".

Free resolutions can always be cooked up:

1) Choose a surjectionFo EDM (Choose a gen
.

set for M)
.

2) Choose a surjection f,> Ker(a) (Choose relations for 1)
.

3) ...

If 10-fn->... ->for>M-30 then we

say
the resolution has length En.

· Examples

- A free module f has the free resolution 0-F -> F -> 0.

-If R=T or

any
PID

,
then submodules of free modules

are free (NOT OBVIOUS)
. So Ker (2) -to is free

, giving
us the

following
free resolution.

0 -> Ker(s)-> to E>M-> 0

2 .

y
. 0-27 ->T-0

or

0 -> = T -
2 ->0

- Let R

=1)
with t

image
ofT in R

(t = T+ (T2-2)) .
Let M be the th-module RE

-1)

We have the deliving projection
RIM



And Since (T-1) = /T- 1) /T+ 1) , something is in the nontrivial

Kernel of it (multiples of (-1) iff it is a multiple of

St+1) .

So the following is exact.

T

R
(t - 1)

,kM-

The now trivial Kernel of RET)
, R is exactly all the

multiples of (t+1) and so on ... So the following is excut.

... in
(t-1)

< R
(t+1)

, p(t
-x

> M -> 0
.

AndR is a free module with basis S13
,

so this is

·estion
.a free

prog

N.
B. If M is an R-module

,
ther fi need to be

free

over R .

GROUP RINGS

Ga
group ,

then TG (or Th[G]) be the free TL-module

generated by the elements of G.
i. e .

TG-Sugg 1 aly) =o almost
everywhere
-

Multiplication in G extends
linearly

to TLG + ThG -> TLG

making
KG

an ring
.

The "integral group ring" of G
.

Suppose we have a

ring
hom

.

TLGEIR
.

This is debina

by the
mapping

of the
generators GETLG

,
i

.e . we need to specify

(g)fly the=
Fl]
,

Also a
group

hou G-> R
*

extends
uniquely

to a

ring
hou

TG -> R So
.

· Prop

Homring
(TG

, R) =

Hongroup (G,R) .



· Example

let b =

cyclic group
of order n . Then E teG with

StBien = Ce forms a bosis for TLG.

So TLE

G MODULES

Recall TLG has a

ring
structure.

· Def

A Sleft) TG-Modele (also called a G-Module) is

a (left) module over TLG.

That is..... an abelian
group

A
along

with a

ring
homomorphism p

: TG-> End (1) .

In light of Homrig
(G

, R) =

Hongup (G,R) , this means

Homring
(PG

,
End(A)) = Homgroup (G,nd(A))

"

) =

Hongroup(G,
Au+(A)) .

So
,
G-modules are just

on abelia
group

A
alongih

one

We can cook up a G-Module from

any
G-Set X

.

Let X be
a G-Set

.

LetX denote the free abolism

group generated by
X . Wean extend G&X to a

T-linear action G&TX (g . (x ,
+ x(z) =

g
.x

, +

g
.xz) .

The

resulting
G-module is called a permutation module".

For example G acts on its set of left cosehs for
any

HEG. (G & OH) .



We un combine two G-sets by taking the disjoint
Union . if G & X

, 4 GAX2 than G (x , WXz) = : X

where the action
goo

depends on whether exeX, or

at Xz
.

The resulting permutation
module

is the direct sam

x[X . WXz] = xx, TX

Every
6. Set X decomposes in this

way
in to its respective

orbits. Furthermore G & G Stab(us) = G & Orb (02)
·

sets

gStabloss ins my Stable
-

So, TXTL[G/stab()]
xtE

In A Is S Where EIX is a setof representatives
Xfor to

go) Leg.

So
,
if GArX is free (Stab(os) = 1 FoceX) ,

then TX is a
free

TLG module with basis E.



RESOLUTIONS OF

OVER TG VIA TOPOLOGY

We always have the trivial action of G on an abelian
grap

g
. a = a Vyta. So

,
here we consider T as a G-module

with trivial action. We will then show that free resolutions of

thisModule can crise
from free actions of G on complexes*

Def

A G-complex is a CW-complex with a cellular c-action.

it .

xLge
is a

honeomorphism
that

preserves
cells.

Recall the cellular clain complex for a CW-x X.

Gr

Cu
-> Cr,

dr
,-.

-> 0
.

Where each CnE Th where
= #Se-cells in X3
.

The

ma
bondaymusrelate tothedegre

at

the
attach

one
-

Moreover
,

if X is a G-complex , thenG permutes n-dimensional
I

cells
,

so eachIn is a G-module. The "augmentation map

E : Co- where <(2) = 1 Fo-cells v
,

is also a G-module

map .

So
...

he
have

a chair complex
of G-modules.

To see that the bouding keep is indeed a G-Module map,

he need to show that it is G-equivariant . ie
.

9. J(ea)
= - /gea) Un-cells ea

Since X is a G-complex ,
the

attaching map
of

the cell
grea

is thewap goya
where

Ya : Sh
-> XV is the attaching map of the cell ea



gr
Ye

> Ugh- i. e .
we have this commutative

diagram .

in Sg
~

gat Ye
sUgh-

(So day /6(ea)
·Ya

Vies) = deg((gea) Roya ,VS-gen)
! !!

yab ygagb

We have
g

. flea =

g
. &X

*

ex
= EX

egb

↑((g ea) = J(ega) = 249"des

But bas gb is just
"a permutation ,

so

[19 es =

&1999 eg By compatibility
b

= SX
**

egb
=

g
. )(en)

.

So ... Indeed the cellular chair I is a chain

of 6-modules. Furthermore if the G-complex is "free"
,

i .
e.

~

permutesacells freely
,

then each of these In is a

free G-Module. And the
homology

of the Cellular chair
- -

complex is the
homology

of X
,

so if Hn(x) =0>
,2

then the cellular chain CX .
We havemeede is exact

.

So



· Prop :

Let X be a contractible free G-complex then the augmented
cellular chair complex (with 2: 20-> Th as above) is a free

resolution of Th over TLG.

This ties in nicely
with regular covers.

· Deb

A covering map p
: X-X with

group
of deck transformation

G is said to be "regular" it

i) G acts

transitively or
-Cock Fo (ir . X= ) .

ii) The
image

of it
.
(*/

, (x) is normal in H
. (x)

For one and hence all choices of busepoints).

iii)V closed loops w in X
,
if I a lift of w which

is closed them all lifts of w are closed.

· Prop
Given a regular cover

p
:-X with

group
of

deck transformations G
,

we have

Ge

So if X is simply connected (X is universal cover of X)

tan G=.(X)
.

· Prop

Suppose p :- Y is a regular cover with GeF
. (Y=*)

-

I Y is a CW-2 then Y inherits or C-complex structure

In this construction
, the action of G on each p" (5)

16 -Y an open cell) is free (o cells)
.



ey
*

↳
free on

O-cells I-ls

Y

g ..

% ...

So
,
if we have a cr-complex Y such that :

i) Y is connected

ii) T
.(Y) = G

iii) Universal cover
of Y is contractible

· Det :

Such a Y is called a k(G
, 1) -

complex or

"Eilenberg
Machane complex.

Then Croat freely and this gives us a free resolution

of T over ThE. The modules In are
free products

of

#Sorbits
of n-cells

·

Prop
Condition (vi) can be replaced by

iii') HiY = 0 for in2 na-complex only)
iii") HiY = o for id2


