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Chow
ring

Let X be ascheme/n= 1. The
group of cycles on X

,

denoted 2(X)

is the free ebelion
group generated by subverieties /closed

,
integre

sbschemes) of X
,

i
.

e
., expressions In : Yi

,
Y : EX

,

n :
EX. We can

grade this
group by codim

.,
and

2(x) = 0 2"(X)

where I"(X) is theabgroup generated by n-codim
.

Subrerieties.

The idea is to introduce a good equivalence relation in 2SX) S
.
t

.
the

intersection of orbvarieties gives us a structure of a graded ring.

Definition. Let Ret(X) < [(X) be the ocbgroup generated by

[ e(4 to (xX)] - [ 1(4t)xx)]

where to
,

t
,

< IP"
,

EXXIP1 is abreriety not contained

in a fiber. Two cycled in 2(X) are rationally equivalent

if their difference is in RatW1
.

There is a natural

de composition RetIX) = PR
&

(X)
,

end the Chow
group

of

X is defined as

A(X) : = 2(X)/Rat(x) = 0 2@ /R* = 0 A

P

(X)
.

-

As
An

Iph

Exemple.

If X = VJ8)
,

Y = V(9) < IP" with dog (f) = degis)
,

then X-y .

Indeed
,

we can take VItof++ g) = IP"XIP!



Remark
. By def

.,

A'(/= Pic(X)
.

Theorem
.

If X is a smooth quasi-projective variety ,

there

exists a unique product in A(X) of
. if A

,
BE X are

generically treneverse then

[A]. [B] = [AnB]

Moreover
,

with this product A(X) is an associative
,

comm.

ring graded by codimension
.

Exemple .

AJAY = IA")
·
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Grossmannians

Let V be a ver of dimet = n
.

We define the m-Gnasmanian

of V as the set

Grim
, V = ( m-dim obspaces W & V3

.

The Plicker embedding

6 = Grim
,
11 >IP(1

*

V = IPE)

W: Len
, .

. .,
em) + [en 1 ...

1 em]

endows 6 with a structure of projective variety of dim 6 = KI-K).

We can also think 6 as the
space of (K-1)-linerobspaces of

IP(VEID"? In this context
,

is cotomony to adopt the notation 6 = 610-1
,

n).

Remeru
.

1P(V) = Golf
, 11

.

Question
.

What is the intersection theory of Grim
,

n) ? In other words
,

what

is the ring
AlorIm, n)) ?

Answer. Generators of A 6) are the classes of some varieties called Schubert

cells
.

Fix 6 = Grim
,

n) end a complete flog U in V
,

i
.

e.

401?V,
= K =

.
.. Un

. 1
= Un = V

with each V: a subspace of dimV:i
,

and consider a sequence

a : le
,

,
. .

.. em St
.

n-m > 9
.

3 ...,
em > 0. For

every requence a

we define the Schubert cell

& (W) = (106 ,

dim /Un-mei-ai 11), i Vil
.

Idea Take 1 EV subspace of dim 1 = m. For 1 general,

we expect Vil1 = 0 if in-m
,
and dim (Un-mil1) = i

for i < n - m. Thur
,

In peremeterized & ot
. condition dim 1113i

happen a steps "earlier".

Notation
. Jan

. ....
e

: Zen
, ...... 0

, ....
0

,
Spri

= Zp,
, ..., p

.

Exemples .

(11 E
,

1) = 11
,

11 V-m + 1033
.

12) More generally,

In
-u + n - s (v)

= /1
,

19Vs + 1013
.



13) [in-im /4) = 11
,

1 = V
: 4
*
Grim

, Vil

M) [mist)
= <1

,
V : 13 Gr(m-i

,
VIVi).

Remark
.
[Ia(U1]eAl6) does not depend on the choice of U.

since two flags on
IP" differe by theaction of some At Glute.

Thus
,

the following theorem justifies this fact.

Theorem (Kleimen)
.

If X is a homogeneous space under the

action of an offine eg . Group 6
,

then [gy] : [Y]

in A(X)
,

& ge 6
, Y = X

.

Definition. The clossesJa : =[ZeNl] = Al6) are called Schubert cycles.

Lemma
.

1. If we order a = Len
, ..., em) ,

b = / be
, . . ., bm) lexicographically ,

then

Ea = Eb < => as, b

2. codim(Ia = 6) = Za
,

3.I
=

Fall [s) = Amc-m)-191



9 3. Intersection theory in 6 = $(4
, 4)

.

Theorem
.

Schubert closses forms a free basis of Al6) or a group.

(direct consequence of Lemma

Theorem (Pieri's formula). For Jet Al6)
,
be

,

it is verified

5 b . Te = [5o
(c) = 12) +b

&iCei-1 Vi

As a concrete example, we will describe A L6(1
, 3)).

Consider a flag inIP3 given by

(p(1P0 = L = IP" = H = Iphc 3

In this context
,

Schubert cells corresponds to

20
,

0

= $11
, 3)

,
En

,
0

=
,

= (1
,

111 = 04
.

[20
=

ze
= (1

,
pt13

,
I

, ..

= 41
,

18HY
,

[2
,

= ) 1
,
pe1H4

, [2
= 31

,
1 = 24 = 424

Proposition. The following relations are verified :

52 = 52
.
1

+ 52
1

51 51
,

1
= 5

1. Tz = 52
,

e

I On T2
, 1

= 52
, 2

T = 55 = 52
,
2

,
5,

,
1

· 5 = 0

Proof
.

We take two "general flogs" (this meaning every intersection

hos the expected dim / <

W : p = LCH < 13
,

U' : p = L'cH'c
3

Note first EeE
= 11

,

pe1 end ple14
:

h
,

-> 52 = 52
,

2
.



Moreover
,

=
,
15

= (111H
,

1 H'4 = (HeH'} -> O = 52
, 2

Now
,

note

=
= 41

,
pe 13

,

[
,

= (1
,
1CH'4

are disjoint
,

since peH' us & &
, 1

= 0.

These are the
easy cases. Note now

= 15:
= (11111 + 0

,

p = 1)

so this the cell Ec
,
with respect to a flog considering

p endit is 5
.. 82 = 52

,
1 .

Similarly ,

= e[m = 41(11( + 0
,

1 = H'4 = (1)(H e1 = H')
->

51
:

51
,

1
=

52
,
1.

Finally
,

write I = x52 +

Bir1
for some ↓

, BEK.

Then

U
.

2
. E = 5

. (5 · 5) = Jn. On
,

1

and

(2 52 + B51 ,
1) ·

Ez = < 52
,
2

> C = 1
.

Similar for B.
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An enumerative problem in $11
, 3)

.

Using our knowledge aboutA6)
,

we will ok the following.

Question
.

Given curves C
.

C
,

d
,

CCIP3 of degrees da
,
de

,
do

,

by
,

how
many lines intersects general translations of these four curves ?

Proposition. Let CCIP3 be a curve of degree d . Thesbreriety

[
c

: = ( (e $(1
, 3)

,
212 + 042621,

3)

hos class [Fc] =

don - Al (661
, 31)

·

Proof
.

Consider the incidence variety

[ = <(p
,
L) = (x ((1

,

3)
,

p = 14

By def .

PVz(I) = Ec
.

The fiber of Pr
: -> ( is given by

Pr: (p) = /Le $11
,
3)

,
peLy = 12

,

then I is irred of

dim [ = 3. The projection pre:
-> In is generically finite

,
then

I is irred of dim Ic = 3.

Write Oc :: [Fc] =
<5

, 0 for some &X.

If we intersect with 52
,1

we obtain

deg(Uc 52
,
1) = a deg (Un Tr

,
1) = d

/

So to discover 2 We need to compute the cardinality of [ceEc
,

1 (p,

H)

for some palp3
,

H = /Ph &IP". Recall Ze
,

n

= /L
,

peLEA). Thus,

<= 1/L
,
peLEH and Lec +01

.

A general choice of It will interrest C in 4 P1 ...., Pdb
,

and for p

severe this point will not be collinger with any pair 9 :, 9%.

In conclusion
,

[c1E2
,

1
consists of FTG: U = do

Now
,
if we have h

, ...,
In 13 of degree de

, ...,
da

,

the number

of lines interesting all the curves is

deg(t[ci) = deg(itdi") = 2
itdu



95
.

Relative Grassmannian

In a more genere
,

we could be interested in parameterized "familier

of restor orbipocer"-

Given a restor bundle & E S of

m = n a family of m-orbspaces of a would be a choice
S

V2 Es with dimV = m over
every

se 5.

We can rewrite this idea as

-

family of m-subspaces

( <-> [W &orbbundles(-) Eithe E& of in : E -> S

Thos
,

we can define the Gressman fructor of E as

Evolm,
4

: Sch Set

f surjections
IT-> 5) r> /a 10s free***im4/r

↑ families over T f
= 9 : 9 & S

,
t

. 90q = q

Theorem. The functor Grolm , 2) is representable by a projective
S-scheme

,
i

.

e
.,

this is a fire moduli fructor.

Example. If 5 = Speak
,

the variety representing svolm
,
2) is

just Grim, ul
,

and more generally ,
if s is a

K-scheme

Gro(m .88" = Grim
,
n) XnS

Remark
.

This is dso relid forE a coherent sheef
.

More generally ,

for > noetherior sch
.,
X-5

,

SeCohIX)
,

we can define theQuot functor

Quotys(E) : Sch-Set
,

(T+ 5) + (9 +
+ FIF flat over T

, SupplE) & T properly-

Theorem /Grothndieu)
.
Quotys/) is representable by an -projective scheme.


