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5 I OVERVIEW

#gan ,

Perverse sheaves are the singular version of local
systems .

"

↳
perverse

sheaves live on spaces with singularities
:

-

algebraic variaties

-PL
spaces

pseudomanifolds

Riemann-Hilbert correspondence (regular holonomic D-modules

↑

X
Intersection (colhomology by Gomesky-MacPherson

If a complex alg .

variety
X is singular ,

some theorems fail : Poincare duality ,

Letschetz theorems
, Hodge decomposition, ...

=
intersection cohomology groups

IH'(X) ~
involves stratifying X

! Not a homotopy
invariant

·

in addition
, satisfy Mayer-Victoris and Kinneth formula L ; if X is

projective ,
we have a pure Hodge structure (

·

for
nonsingular

X : Hi(X) = IHIX)

= a geometric construction
using

cochain
complexes

/Talk 2?)

Y

But IH'(X) can also be obtained as the cohomology of [2x < D(X)
T

↑ -
=>

most important example of a
perverse

sheaf
(bounded derived

intersection cohomology constructible sheaves

complex
on X



Emp .

·X nonsingular
=> Qx[dimX] is

pervense

· YEX closed subvariety
=> QuidimY] is

perverse Y Ot &E(X) is
perverse

if dim(supp(2"(P)))2 i and dim(supp(s"(DP))) :

·

ICx is
perverse

~

category
Peru(X)

:
abelian

,

stable under Verdien duality ,
Noetherian

,
Antinian

↳ sidenote : not actual sheaves
,

but they , glue" like sheaves form a stack
just

like
ordinary sheaves

ThE [BBDG]· Let f : X-> Y be a proper map of varieties
,

with X
nonsingular. Then,

fxx[dimX]= Fy [i] (Y
; locally closed subvarieties of Y) .

P. 1) BBDG :
via finite fields

2) Saito : mixed Hodge modules

3) de Cataldo-Migliomini
: classical Hodge theory

Calculations can be made simpler using a few observations :

· f small
,

X smooth => fxQx[dimX] is an I

· f semismall
,

X Smooth = fxQx[dimX] is a semisimple pervense
sheaf (i

. e . ni
= 0 fitl)

& 2 AN APPLICATION OF THE DECOMPOSITION THEOREM

Toric
geometry

PEA
polytope

me tomic variety Xp

↳) Q-smooth if it only has national singularities

Peop . Xp is Q-smooth EL P is simplicial .

Let fi := #i dimensional faces of P



=>
we define the h-polynomial

: n(4
,
+) = (t-119 + fa..

-1)+... fo =n +
"

2k

Pop .

If 4 is simplicial ,
then hi

= dim (H(Xp
,

Q1).

Moreover
,

we have Poincare duality and hard Lefschetz th :

hi
=

hark for OkEd , hi ,
(4) = h

,
(4) Ok = &12 .

Exp .

Let C be the square which is simplicial.

fo : 4
,

f
,

= 4

= n((
,

+) =St - 1) + 4) + - 1) + 4 = +
2

+ 2+ + 1

Hence
,

Ho (X,

Q) = Q = H"(Xx
,

Q) and #<Xc ,

Q) = Q"
, agrees

with other cohomology calculations for Xs
= #'x IP.

Q : Is similar calculation possible for ↑ not simplicial ?

m redefine

n(4 ,+ )
= S g(F+)(dim where g) ( F

,
+) =

not (h
,

- hol ++... + Charshiams-1)fiams

g
(0

,
+ ) = n(0

,
+) = 1

,
dim (4) = -1

The LetP be a national polytope. Then,
d

h (P
,

+ ) = [i dim(1H2" (Xp
,

Q)) +"
k=0

Emp .
Let I be a cube.

->
subdivision Is

gives
a resolution

f :

Xi
->

Xa
#Fa

compa



·

local
picture:-

Cs has 6
singular points pi

(i= 1
, ....

6) ; flpilEP
3

=> n([z
,

+) = (+ - 1) + 12(+ - 1) + 18(+
- 1) + 8 =

+
3

+ 5 +
2

+ 5+ + 1 = n(( ,+ )
??

↳
suggests that H"(X ,

Q) = IH
"**

(Xc.

Q)

By decomposition the :

fxQx[37
=

[Cxc

↓ REC

H
:

( X=
< ,

Q1[3] = IHXc ,

Q)

What about a different subdivision ?

local picture
:- Fe complica

·

subdivision Cy gives a resolution
g. Xcs

+

Xc 11g is not semismall )

·

we have h((s
,
+) = f + 11+ + 11 + + 1 ; g"(pi)

= 1
,

XIP,

By decomposition the : gQx;
[3] =

12x
# (ICp[i])

Pi
--

things supported on points pi

=

I(x Qp[-1Qp1 (note MH
*

(gxQx[37) =

Q:
]

K

=>
we get

: dim(H"(Xcs·

Q))= dim(1H(X,
Q1) + 6 for K= 2

,
4

, H*(Xc ·

Q) = IH"(Xc,
Q) otherwise

=>
hi2

,

+ ) = Eidim(1H"(X
cy ·

Q1) +
"

= Eidim(H"(Xcj
,
Q1) +" - 6 + -6 = h(C

,
+) - 6+ - 67


