Alaabnw’c gougs ond afline GIT [ Compbett Braniey ]

Coal: G Glall), G GXe vaniay
build a suitable quotent X/G-

1. Algebraic groups

L. Achions ond supnesentations,
Q. Quotients

H. Reductie quoups

() Whatis on algtbusic group?

An clgebroic group Loekes Like:
Gln(k), Sln(e), suUnl®), ...

D_e.fini-lfons:
Option 4. A, a!eb,«m'c onoup s & group ob\iect in the co‘l‘oow\y ’£ e~ Schere.
G, MGx6—G, :6—6, e:S%uek—06

Such #hat M('}(.s’):zg Lo = -t
o2 mops, o£ voouedties .
We will only cane abowt G o Pfine-



ExamEles:
* GLn(%) is an affine vaiek, desercben

6Ln (k) = Z(d-d:f?‘u) % - J_) c /Afi-i

+ The other 2xamples obove Jollow by M polynomicls.
0_.5, Stn(k) %'i

* Gln(k) = Gm(k) = I, € i) (i, 4)

Nete: Assoctated o e adfire scheme G ts g wondinote ning k[G].
(ofbre ) ,W\g
By the egaiyglence hedween k-aly.bhas amo k- Schemg, v group

Shwchn on G g us some shuctun & ke

m: GG — 6 k[6]— kicI® LLG]
L: G—6 "~ k6] — k6]
e -Spec k— G Le[6]— L

Th& ma)u) k[C‘] into o Hopﬁ a[@,ew_

@ Ackions o] olgebraic qaps
Def{nihon'. X k-s«:hane, G
G acks on X i tEecls on X in dhe sense of goup Jheory such et

the ackon map  GxX— X @ map o] |c- Schemes.
(9, 2) P g->

We el ¥ & G-Spoce on G -Sheme .




Onbils  and stobilisens one dePmed in fhe obuious way .

Aso: G B X — 6 C O(X)
by (§-P6Y=£(§)-

The (nodfnag) rupmesentotion o4 G s a wop of algebrate groups
G — GLV) lon Vo finfle- dimensional vectn Spoce.

Exampes:  Gn0OC A, by a-Guy) = (o, a'y)
() (k)

{ G— X
{ 3 M 9xn
olomvoh‘on:

* Not all of the oibis e closey| !

*dim G, + dim G*x= dim G



d;m(k) C ’A'lk . a- (7“13) = (Qﬁt, (1%>

N\
7N

* Gu\G X 5 a wnen of obits o) stuelly smallen dimensen .

® Coch G u egniahs o closed sabi? of minima? dimengpmn.

@ Quoliort

M«QM G C X scheme
Wb want 4» ougfne. o Quo-hznb X/6-.

")&@ﬁhon: Q: )(—--‘-"(I G - invonlant (‘(’(‘5"‘)’ cp(x)) s a
catepucn quotient ¢f fr any G-ivaniomt f: X — 2

X %Y

N

Tdea.: The sof o{_ ML”’S‘_



Example:  Gwm G Wi,  a-0ug) = (ax, ay)

K G

In this case, thue is ho yariedy shudue on X /6 such +Hhat
X > X/6 s a map °£ vau'eties.

V\Je Leonn: Tahha He enbid spoee. i3 wa’emoc#e.

Def: X 6-spac
A 6000| Guotent s @ G -~ waniant wmap QX — Y sq.\ﬁ‘[g([m%

1) @ swiehive
2) Oy(U) = Oy (@) maps Isomoyhically onte O (@ 107)®
for all U2y epen
) WeX G-invarloant elosed —~ (o(W) clost
U) Wy, wypex disjoint closad G- mvaniom
~ @(Wy), @w(wz) dusjomt
‘5) @ affine.

Theoum:  p qoodh quottent f5 . categonical quodient



How do we constmuet o good q}unhm}'? X afdine
The hiak omog from 2) sboe- O (v) = 0, ()

Defimiton: Lok X be an ofdine G-spoce.
The offme GIT quokent s X //G:=Spec (O(x)6).

It is not difiall 4o s Hob WS is o calogniond quotiont.
Howeven, not much con be said about X //G.

We might hope thot il Ox(X) is a fin. aa,.k-a.lgebm Jhon the
Some is e of 0, ()G,

L) “This i not the cose in W‘
We newol fo restaict Yo suductive suductie, gnocps.

@ Reductive, goups
Wey point: Reduche ooups ane. enes fr Whith we can prove niness propaies
ohaut $hein 63T quotionts.
Realhs A mobgx MeGly (i) is symisimple {f i} i diagonatisoble
Cte. tF ock semisimply on ¥),  Umipotent if ILis Confugele to Some
motnix (l\"f‘ ) :

O 1

Evey ME 6L, (1) can be writhen as M =MsgM,, with fsy Somisimple,
Mu wnipetent, Mg and Mu commuding.



Theotem: (Iwo!ur\ decompes Hign)

G ofPre algebrot gnoup
Then vuy 866’ mey be wsien %:gagu:gu%s.¢,| wheay

CQ(%S:\) (nemp. QC%.,.)) s um'shnplx (’"“’P uwripotend) b amy
rupusindotion ¢p of G-

‘Definih.on: An o o.lgxb\cu‘c Breup is seoucdive if 5 smeoth amd o
smooth nipotent nomol wbm& o Fuvial.

Thepum: I chan(k)=0, 4hen & seduchie iy Aepesentodton of
G ¥s semSimple -

Thesem: (N%a:h ) Hﬂbué)

IP G (s o neduchn alg.bw‘q%mmp v k acM\-o on o &mrklu_w
le-olyba A, dhen AS is finilely genenated. .

GCX X6

Theowm: G nduchive, X alfine
G3X =2 X[IG 15 o gosd quotient omdl i3 affine.

Facls: » #60) = 2) @ G-3 D G0 :¢¢ :>t<\/
X.

* %} “'Mm*\-'eal)&l XUG s the set o* closed) onbiig of



Exomples:  B..01 &M%

alx, W = (&, a“’s)

Aloebroutal Iy e Duyl®
2

ke [xg)

% hded we gk Mg S AL,

Gm(0) O /A% alny) = (ax, ay)

A\

)

A

e(x5]0= k., so haud we gk /AL B = Spec ke

172

k
—_ —



GOC A\ Lo} a - (x:%) = (asts o)

\\? . Quﬁ
/A
Cligliy = €

TIn the non~a(—ﬁ1he case, Hus un&"?'w&iov\ doesn'é W,,,_j‘,
Come fo the next €atle to Binot oak whot do do hsu ©)



