


Throughout , we work overI

Prop. let G be a complex Lie group. Then G is

reductive if G = KQ for a maximal compact

Subgroup KEG .

Here
,
G=k means Lie(G) = LieCF) .

Example E G

SI OX

SUCn) SL(n
,
0)

u(n) GL(n,C)

!

In the last talk , we had
:

Thm Suppose Ka (X ,2) with momentmap pe.

Suppose K2-10) freely
.

Then MT10/1 is

a symplectic manifold.

Remark What happens if the
action is not free ?

Then we get
a stratified symplectic space.



i
.e

. M10/k
=
4

where
: each Us is a symplectic rfd

=B

It is a poset) .

Example Say P2 with cords [x :
y:
2)

T a IP2 by

(S
,
+) [x:y :z] = [X

: Sy :+z] .

Then
we get

[0%0: 1)
[110 :0a y=0

=less
1

: 07



Back to symplectic reduction
:

clim)xos/k)
= clim(X)- 2 dimCK

IR

=

clim(X) -dimp(G) ·

= "dimp (X/E)" .
-

what we want is the

GIT quotient...

ked we have a natural map

Mi (0)/k -> X/G
what is this

map?

Back to GIT.

let L-> X be an ample line bundle.

Then we have a GIT quotient

Y/G
= X (s//k = XL

-

/G

aly.

X
less
=2 xeX1X is semisablewrt linearisation 23

.

resp . XL-PS



Kempf-Ness

What we want to show is :

1 . Milos & XLSS

So we get a natural map

↑(0)/k -

>S
2. The above mup is an isomorphism ,

ie

↑
sends Strata on LHS to orbit on RHS,

making
it Kahler.

Remark This is hopeless in this generality
.

↓ and
I
need to be related for this

to
make sense,

In nice cases, 1. was proven by Kempf-Ness.

2 . was
proven by Kirwan-



Analyti
stability
to

X
M
-S

= 3 peX /=pe + 32X .

For the analytically semisable orbits .

Im There is a categorical quotient of complex

analytic spaces XM-SS/G

Moreover
. MY10//K -> XMSS//G is a home

-

This proves
2 .

In terms ofI , note that

(LSS/G)an =

XLS

and so it would suffice to show

ye-ss = yes

it analytic stability = algebraic stability
.

This is the Kempf-Ness theorem.



For concreteness , suppose we had :

kC G 2X

1
11

11

SUNNY) & SLINIS
- IPN

and we fate L= O(1)
, w= cofstx ·

In this case , we have a canonical moment map

MES
! IPN -> SMINt)

*

=SAINTI

MES
(x) = i)
<x

C . )o = trace free part -

We then obtain a moment map y on
X via

X -> IN LS>
SWIt

*
-> R*.

Th (Kempf-Ness)· Let xeX . Then

(i) xe X E3 Fix contains a 0 of N

(ii) XeXLPS #S G .X contains a 0 of M.

If So
, then G .x 1 pilos is a single A-orbit.



If Consider the function

MyG/ - IR

ig] + log/g .* /

well defined as KCSULN+1) ·

G/k is a non-pos . curved symm
, space.

Then : (i) [g] is a critical pl of l iff y(g .x)
= 0

(ii) M is
convex along geodesics

in GK .

1

Unstable .

G.
P

·
I

~

--

Stable unstable .



Conclusion We have three
ways

to check

stability
.

-

· Topo log ica l

· Numerical (Hilbert-Mumford)

· Analytic (Kempf-Ness , Lug-norm functional ....)

These
agree

in our examples.

For "infinite dimensional GIT
,

"

they don't necessarily

agree

#side A hyperkahler mid X consistsof a metric
y

ACS I
,
K
st l
=j= k = IJk =-id .

such that (Xigt) , I ig.5) , (X,g , K) are kohler .

SupposeH is a compact Lie group, Ha X preserving

everything, with moment maps

MI , My , MK,

then we get the hyperkahler quotient

ME
No



Now if we set

Mc=y
+ ilk

This is holomorphic unt I .

Thus
, Mico) is a complex submanifold of X .

# a NICO) ,
with moment map Millicos

=

MEOn ano Mc

(Kempf-Ness) =

Mic

Morally , "hyperkahler quotient
= complex Symplectic" .

reduction

#finite
dimensional GIT

In this case,I makes sense, but often
G

does not exist. However , the stability conditions

still make sense.



In most settings , pl is a PDE ,
and so

what Kempf-Ness says is

"Solution to PIE exists (=> Some stability condition ".

holds

Example Let E-> I be a hol . vb,, I a Ris.

Tranas imhan- Seshadri , Donaldson]

Suppose degE =0.
Then

E is stable 1) E admits a flat connection.

More generally , Hermitian-Yang
-Mills connections:

[Atiyah-Bott]

HYM is a moment map,

sconnections3

T
= im nimumof

LM-function as a

[Hitchin-Kobayashi conjecture , proven by
Donaldson-Uhlenbeck-You]

E is slope polystable E admits
a HYM

Connection
,

It can be
any

compact kohler manifold).



Example (Yau-Tran - Donaldson Conjecture)

K-polystability- Constant Scalar
curvature

metrics.


